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3araJjibHi MeTOAMYHI BKa3iBKH

BukonyBatu poOOTy HEOOXIAHO 3a BapiaHTOM, sIKMi BHuaae kadenpa. Pobora,
BUKOHAHA HE 3a CBOIM BaplaHTOM, HE MEPEBIPAETHCSA, HE 3aPaXOBYETHCS 1 MOBEPTAETHCS
CITyXayeBi.

TutynbHa cTOpiHKa 0(OPMITIOETHCS 3T1HO BCTAHOBIICHOTO 3pa3Ka.

YMOBHM ycCiX 3ajay MOBMHHI 3alKMCyBAaTHCS MOBHICTIO, I'padiku BHUKOHYBATHUCH
OXanHoO.

Po3p’si3yBaHHsT TMpUKIAAIB 1 3aJady [OBMHHI CYIPOBOJUKYBATHCh yciMma
OoOYHuCIEeHHSIMU Ta (opmylnaMu, $KI BHKOPUCTOBYIOTHCA, a TaKOX KOPOTKUMH
NOSICHEHHSIMU.

Sxuro poboTa He 3apaxoOBYEThCS, CIIyXad BUIPABJISE ii 1 IPEICTABIISE 1IE pas.

KonTtponsna po6ota mictuth 10 BapiantiB. Bapiant BUOMpPalOTh 32 OCTaHHBOIO
udporo mudpy. Hanpuxnan, mmdp crynenrta 1464. Toxai 3aBnanns 6ynyts 1.4, 2.4, 3.4,
4.4,54,6.4,7.4.



Po3aia 1. EtemenTH JIiHIHHOI Ta BEKTOPHOI aJredpu,

AHAJIITHYHOI reoMeTpil

1.1. Mampuueto Ha3uBaeThCs NPSIMOKYTHa TaOMHUIS YMOPAIKOBAHUX YHKCENT abo

all a12 e aln

. | @2 8p ... App
byHKII# A=

Ay A2 - Qg

Matpuns A Mmae M psakis ta N crosmiis. Po3mip ii — (mM,n).

B MaTpuIlh: MATpHISA-PAIOK A = (8, 8y, ..., 81, )

by,
B by,
MaTpulsi-cToBnenp B =
bln
100 ..0
010 ..0
ONMHUYHA MaTpuIlsl E =
00O 1

TPaHCIIOHOBaHA MATPUIlI — I MAaTPHIl, sKa OJepKaHa 3 JaHOol
3aMIHOIO PSJIKIB CTOBITIISIMU.
Marpuus 4! nasuBaerscs obeprenoio 10 marpuii A (det A#0), AK110 BUKOHYETHCS
criBBigHomenus A-A 1= A1-A=E.
[I{o6 micTaTu 0O6€pHEHY MATPHUIIIO, TOTPIOHO:
1) 3naiiTi Bu3HAYHUK Matpuii A (det A#0);
2) 30yayBaTH MaTPHINIO, Y SIKOi Ha MICHSIX €JIEMEHTIB CTOSTh iX anreOpaiduHi
JIOTIOBHEHHS, Ta TPAHCIIOHYBATH 1i. Taka MaTpULIsl HA3UBAETHCS NPUEOHAHOIO
Ay Ay Ay
A= Ao Ay Agp |
Az Az Ag

. T 1 :
3) KOMIIOHEHTH MaTpuIli A TIOMHOXUTH HA — , JIe ‘A‘ — BU3HAYHUK MaTpuill A.

A




Ay Ay Ay
A A A
a4 + 1 A A A
ALl_RA. 2 22 32

A A A A
Az Ay Ay

A A A

Martpuili MOKHa J10AaBaTH, BiAHIMATU, MHOXKUTH Ha YUCIIO.

JlobyTok matpuili A Ha MaTpulio B icHye yuiie TOJ1, KOJU KUIbKICTh CTOBIIIIIB
NEPIIOTO CIMIBMHOXKHHUKA JIOPIBHIOE KUIBKOCTI pSAAKIB Apyroro. Taki wmatpuii

Ha3HUBAaKOTHCA VB’ZOODK‘@HMMM. I[J'Iﬂ ObOTro HOTpi6HO BHUKOHATH IO CICMCHTHC MHOXXCHHAA

1-ro psinka matpuili A Ha K-ii cToBrens Matpuili B.

1.2. Bu3Ha4YHukom (OemepmiHaHmom) Opy2020 NopsiOKy Ha3UBAETHCS BUPA3

dyp ap
dy Ay

A= =4ayy -Ay —app - Ay,

Busnaunuxom (demepminanmom) mpemvo2co nopsaoxy Ha3UBaAEThCS BUPa3

app A A3
A=y 8y @ap|=ay 8y 8y +8; 8y 8y +8y 8z a3~
dg @dz Ag
—813 *8y " 83 — @y "8y t8gz — 8z Ay - Ay

AnrebpaiuHi TOMTOBHEHHS OYIb-SIKOTO €JIEMEHTA a;; BU3HAYHHKA — LIC BU3HAYHUK,

SKUA yTBOPHUTHCS 3 JTAHOTO, SIKIIO 3aKPECIIUTH B HHOMY CTOBIICIb Ta PSIOK, IO SKUX
HAJICXKUTh OOpaHUUN €NEeMEHT, MPUYOMY 1€l BU3HAYHUK OEpyTh 31 3HAKOM «1», SKIIO
CyMa HOMEpIB CTOBMIISA 1 PsI/IKA €JIEMEHTa MapHa, 1 «—», — AKIINO HemapHa.

MiHop Oyap-iKOro enemeHta @;; BU3HAYHUKA — L€ aareOpaiuyHe JTOMOBHEHHS
uporo esnemeHra 6e3 3Haka. MiHop enementa @; mnosHaunmo My, anrebpaiune
. . i+ ] .
nomouerus Ay. Tomi A =(-1) M.

1.3. Pos3s’s3yesaHHsa cucmemu mpbOoX fiHIUHUX PIBHSIHb 3 MpboMa He8iOOMUMU.

g Xy + A3, Xy + 833X5 =Dy
Ay Xy + 85Xy +893X3 =D, .
Q31X + Az Xy +8z3X3 =y



BusHayHUK TpEeTHOro MOPSIKY, CKIAJACHUA 3 KOEQIUIEHTIB NpPU HEBIAOMHX,
HA3MBAETHCS TOJOBHUM BU3HAYHUKOM CHUCTEMHM:
8y 8y, 3
A=lay 8y a8y
83 d3p dg3
[To3naunmo AX;,AX,,AX; BU3HAYHHMKH, YTBOPEHI 3 TOJIOBHOTO BHU3HAYHUKA

CUCTEMH 3aMIHOIO CTOBMISL KOE(IIEHTIB MPH BIANOBIIHOMY HEBIIOMOMY CTOBIILIEM

BUIBHUX YJICHIB:

b, a, a; a; b ag; ay a, b
AX; =[b, ay, ay AX, =]ay b, a, AXz =2y a, byl
b; az asg a5 Dby as; az; Az by

IIpasuno Kpamepa. SIkmo BusHaunuk cuctemMu A # 0, To cucTeMa Mae €IUHHI

, « AX; . AX, ‘ AXq
03B SI30K: =—; =—=: =
P LA A A

Mampuunuii cnocib.

all a12 e aln

_ a21 a22 R} azn
BBenemo A= — MaTpHIls CUCTEMH,

Ay Ao - Qg

X1 b,
X =|X, |, B=|Db, |—MaTpuii-cToBMII HEBIIOMHUX i BUIbHUX YJICHIB.

X3 b,
Cucrema piBHAHB Y MaTpH4HIA QopMi 3anucyeThes y BUrsni: A-X=B.
[ToMHOKMMO OOHM/IBI YaCTHHHU PiBHAHHS Ha Matpuio A, oGepHeny 10 Marpuii

A: A (A-X)=A"-B.

Bpaxoyroun, mo A - A=E, E- X = X, maemo po3s’sizox: X = A - B.

1.4. CkansapHul, 8eKmopHUU ma MiluaHul 00bymku 8eKmopis.

Y nmekapToBid MPSAMOKYTHIM CHCTEM1 KOOPAWHAT OYIb-IKUH BEKTOP MOKHA
PO3KJIACTH HA CyMy TPbOX KOMITOHEHTIB: d=XI + Y] +zK, me X,Y,Z — KoOpaMHATH

Bektopa @ =(X,Y,2), i, j,K — onuHMYHI BeKTOpH-OPTH.

Hoesoicuna eekmopa a BU3HAYAETHCS 32 (HOPMYJIOK0: a = \/ X% +y? +z°%.
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—

CkanapHum 0obymkom eexkmopie @ 1 b Ha3WBaeThCSA CKasAp, SIKUM JOPIBHIOE

N00YTKY iX JOBXHH Ta KOCUHYCA KyTa MK HUMHU:

3-5:\5\-‘5‘@05(0.

Hexait d=X,0 +Y,] +2,K,

|

b=x,i +Y,]+2,K, Tomi

—

a-b=xx, +y,Y, +2,2,.

3 O3HAYEHHS CKAJISIPHOTO JOOYTKY MOXHA 3HAUTHU KV Midic 6eKIMOPAMU.

—

(oN)

XXy + Y1Y, + 2,7,

a-p| yiaal o eyiezl

CoSp =

—

Bexmopnum 0obymxom gexkmopie @ 1 b HazuBaeThCst BEKTOP €, TOBXKHUHA SIKOTO

piBHA IUIONII TTapaJiejiorpama, o0y 10BaHOT'O Ha BeKTopax a i b .

3 03HaYEHHS BEKTOPHOTO TOOYTKY MOKHA BUBECTU (DOPMYITY W10 MPUKYMHUKA,

sIKa JOPIBHIOE MOJIOBHHI IO TTapayiesiorpama, mody0BaHOTO Ha IIMX BEKTOpaX, TOOTO

MIOJIOBUHI MOAYJISl BEKTOPHOTO JOOYTKY BEKTOPIB-CTOPIH TPUKYTHHUKA:
1 . -
SA :_"a"‘b‘.
2

—

Hexait 3amano tpu Bekropu 4d,b,C. Uwmcio (éxb)-é HA3UBAETHCS MIIAHUM

—

no6yTroM. SIkmo Bimomo a=(Xy,V;,2;), b=(X,,Y,,2,), €=(Xs,Ys,23), TO Mirmanmii

T00yTOK Ma€ BUTJISI:

X1 Y1 7
(a><b)-c=x2 Y, Z,
X3 Y3 I3

AOCOJIIOTHE 3HAYCHHSI MIIIAHOTO JOOYTKY YHCEIIbHO JOPIBHIOE 00’ €My

napaseserinesa, mody10BaHOro Ha BeKTopax 4a,b,C.
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Viep =|3-b -]
Sk BigoMo, 00’ €M TeTpaeapa JOPIBHIOE OJHIN IOCTIH 00’ €My Mmapasnenerninena:

V 1-\5-6-6\.

memp — 6

1.5. [llnowuHa ma npsma 8 rnpocmopi.

a) AX+ By +Cz =0 — 3aranpHe piBHSHHS [JIOLIUHA
0) g + % + % =1 — piBHSAHHS IUIOUIMHH, MOJAHE BIAPI3KaMH, BIAPI3yBaHUMHU
IUTOIIMHOIO Ha KOOPAMHATHUX OCSIX.
X=X Y=-Y1 Z-7
B) (X, = X; Y, —VY; Z, —Z;| =0 — pIBHAHHS IUIOIINHY, 1110 TPOXOIUTH YEPE3 TPH
X3 =X ¥Ys=Y1 231
TOYKHU.
r) SIKII0 MOJIOKEHHS! TUIOIMHUA B MPOCTOPI BU3HAYAE HOPMAJIBHUN BEKTOp M€l

IJIOIIMHHU, TO 3aJady 3HAXO/PKEHHsA KyTa MDK JBOMa IUIOIIMHAMH MOXHA 3BECTH [0
3HAXOJUKEHHS KyTa Mix 1BoMa Bektopamu N, = (A, B,,C,),N, =(A,,B,,C,).

A A, +B,B, +C,C,
JAZ+BZ+C? .\ [AZ+BZ+CZ

CoSp =

n) Ilpsma B mpocTopi, IO MPOXOJUTH 4Yepe3 JAaHy TOUYKY Ml(xl,yl,zl)
IapaJielIbHO BEKTOpY S = (m,n, p), 3a1a€ThCs KAHOHIYHUM PiBHSIHHAM:

X=X _ Y=V _7-14

m n P

e) PiBHsEHA mnpsaMoi, mo mpoxoauth uyepes mBi Toukm M, (X, Y;,7;),
M, (%5, Y5, 2,):

X=X Y=Y -7

Xo =X Yo—=Y1 Z,—7

) KyT MDK TIPSIMOTO 1 TUIOMIMHOIO € KYT (0 MDXK II€I0 MPSMOIO 1 MPOEKII€r0 ii Ha

o rwiomuny. Hexaii i = (A, B, C) — HOpMasIbHHiT BEKTOD MIOMIMHHU;

—

S = (m, n, p) — HANpPSIMHUM BEKTOP MPSIMOL.



Am +Bn+Cp
\/A2+BZ+C2 -\/m2+n2+ p?

sing =

Npuknagu po3B’si3yBaHHA 3ag4au.

IIpuxnao 1. 1o koopuHaTax BEPIIUH MipaMiIu
AGB-22), A (1,-31), A;(2,0,4), A,(6,—4,6)
3HaiTu: 1) noBxunu pedep A/A,, AA;;
2) kyT Mk peOpamu A A,, AA;;
3) miomy rpani A A, A;;
4) 06’em mipaminn AJA, A A, ;
5) piBHsAHHA npsimux A A,, AA;;
6) piBHAHHA mouH A A A;, AAA,;
7) kyT Mk mommHaMu AL A, A;, AAA,

Pose’sazyeanna: 1) 3Haxogumo Bexkropu AA,, AA;:

AA, =1-3) +(3-(-2)]+@2-Dk =-2i + ] +Kk,
AA, =—i +2] +2k.
JloBXKMHAMHU IIMX BEKTOPIB € JOBKUHU pedep:
IAA|=(=2)? +(-1)? + (-1)% = /6.
(A A= (D)2 +2% +22 =3,
2) Kyt mix pebpamu 3Haxo1umMo 3a popmyIioro:
A A, + BB, +C,C, _—2-(D+(-D-2+1-2 -2

COSp = = ~—0,27.
JAZ +BZ +C2 . /A2 + B2 +C2 3-V6 36

Kyt ¢ — tynmii, sxuit nopiBuioe 7 —arccos0,27 =1,85 pao.
3) Ilmomy rpani A/A,A; 3HaXOAUMO SK TOJIOBHHY  TUIOMII
napajiengorpama, rnooyjgosaHoro Ha Bekropax AA,, A/A;, TOOTO MOJIOBHHA MOIYIS

BEKTOPHOTO JTOOYTKY IIUX BEKTOPIB:

— —

i JK
AA, -AA =-2 -1 1=5] -5k.
-1 2 2

-9-



1 2 2
SAA1A2A3 :E 5 +(—5) ==

4) O6’em V mipaMigu JTOpIBHIOE

542

—
1 , :
5 o0’eMy mapaseneninesa,

noOynoBaHoro Ha Bektopax A A,, AA;, AA,.

Bextop A A, =3i — 27 + 4k.

—2 11
(hmqv=%nmd—l 2 2= 11-30/=5(6.00.).
3 -2 4

5) PiBusHHS npsmux A A,, AA; 3HaxoanMo 3a GOpMyIOr0 PiBHSHHS

HpHMOI, 10 MpOXOJAHUTh YCPC3 I[Bi TOYKH:

X=X Y=Y -7

Xo =X Yo—=Y1 2,14

A1(3! _2! 2):
A, (L -3, 1).

X-3 y+2 1-2
1-3 —-3+2 1-2°
X-3 y+2 171-2
-2 -1 -1

AHaJOr14HO 3HaXOJUMO PIBHAHHA A A,.

6) PiBusHHs twommH A A,A;, A/A,A, 3HaXOIMMO 32 PIBHSIHHSIM
IUTOIIMHY, 110 IPOXOAUTDH Yepe3 TPU TOUKH:
X=X Y=-Y1 71-1
Xg =X Yo —=Y1 Z;—7|=0
X3 =X Ys=Y1 23—

X-3 y+2 z2-2 X-3 y+2 z-2
1-3 -3+2 1-2/=0 -2 -1 -1 |=0
2-3 0+2 4-2 -1 2 2

(x=3)-(-D-2+ (- (-D-(y+2)+(-2)-2-(2-2) -
~(D-(-D-(2-2-2-(-D-(x-3~(-2)-2:(y+2) =0
5y+10-5z+10=0

y—2+4=0.

-10 -



AHaJIOT14YHO 3HAXOAMMO PIBHAHHA IiomuHu A A, A,.

7) KyT MiX IUTOIIMHAMH 3HAXOJIUMO 3a (OPMYJIOK0:
A A, +B,B, +C,C,

CoSp = :
JAZ +BZ+C2 /A2 +BZ +C2

IIpuxnaod 2. Po3B’s13aTu cCUCTEMY PIBHSIHB 3a JOIIOMOTOIO:
1) dopmyn Kpamepa;

2) MaTpUYHHM CIIOCOOOM.

2X+y—-32=-5
X—2y+2z=17
X+y+3z=4

Po3ss’a3ysanns: 1) 3HaxoauMMO roJ0BHHI BU3HAYHUK CUCTEMH 1 JOTIOMDKHI BU3HAYHUKH:

a; 4, a5 |2 1 -3
a; a3 ax| 1 1 3

AX=|b, a,, ax/=17 -2 2/=-78
b, a; ag 4 1 3

Ay=la,, b, a,/=1 17 2/=130

dz; D3 QAg 4 3
a, a, b | 2 1 5
ay a3 byl [1 1 4
Toni:X:&:_—m:B;
A —26
_Ay_ 130 _ .
A —-26
A —-26

2) 3amuiemMo MaTpHIIi:

-11 -



2 1 -3 X, -5
A=|1 -2 2| X ={X, |, B=| 17|
1 1 3 X3 4

3naxonuMo obepHeHy Matpumio A, Jlnd 1poro

JIOTIOBHEHHS MaTpHuIli A.

o0UHuCII0EMO anredpaiuHi

_—22_8 A_1—3_6 A_1—3_4
Sl R S - Fol-2 2 7
_12_1 A_2—3_9 A_2—3_
S P 201 37 I 2
A1—1_2—3 A—2—1 A_2 1_5
3711 1|7 23 117" BT _o|T

. -8 6 -4
At=——|-1 9 -7 |
26
3 -1-5
OTxe,
X, . -8 6 -4 -5 . — 78 3
X, |l=—=—=|-1 9 -7 || 17|=——| 130 |=|-5|
26 26
X3 3 -1-5 4 - 52 2
[TepeBiprMoO MpaBUIIBLHICTh OOYUCIICHHST 00EPHEHOT MATPHIILI:
. -8 -6 -4)(2 1 -3 . —-8-2+(-6)-1+(-4)-1
A‘l-A:—Z—6 -1 9 -7 |-|1 -2 2 =" (-)-2+9-1+(-7)-1
3 -1-5 1 1 3 3-2+(-1)-1+(-5)-1
. -26 0 0 1 0 0
=——| 0 -26 0 |=| 0 1 O|=E
26
0 0 -26 0 01

OT1xe, oOepHEeHa MAaTPUIlS 00UYMCIIeHA TPABUIIBHO.
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Po3aia 2. Beryn g0 anagizy ta qiudepeHmniajibHe YACTEHHS

2.1. (paHuusa cbyHKUIi

lim f(x)=A saxwo |f(X)—A<e npu |x—d<d.

X—a

Teopemu npo epaHuui
L lim[f,(x)% f,(x)]=lim f,(x)=lim f,(x).
X—a X—a X—a

2. im[£,(x)- £, (x)]=lim f,(x)- lim ,(x)

—a

lim f,(x)
o T R
x—a f,(x)  lim fy(x)" x-a

X—a

4. lim C =Const

X—a

Sxmo lim f(x)=0, 1o f(x) HasuBaeThes Heckinuenno manoio senuuuHo0
X—a

Sxmo lim f(x)=o0, 10 f(X) Ha3MBaETBCA HECKiHUEHHO 6EIUKOIO 6EAULUHOIO
X—a

Buou nesusnauenocmeii npu obvuUCcIeHHi cparnuludb

Cnocobu DO3KPUMmA HesU3HayeHocmel

® CKOPOYCHHS Ha MHOXXHHK, KM TPHU3BOJHUTH 10 HEBU3HAYCHOCTI;

® JIJICHHS 4YHCEIbHHKAa 1 3HAMEHHHMKA Ha CTaplly CTEeHiHb apryMeHTy (s
BIHOIIICHHS. MHOTOWICHIB IIPH X — 0 );

® BHUKOPHCTAaHHS CKBIBaJICHTHMX HECKIHUCHHO BEIIMKHUX;

¢ BHUKOPHUCTAHHA ABOX «1YAOBUX)» I'PAHHUIb:

. X 1
jim SN X _1 im (1+ 1) —e ado lim(1+y)y =e.
X—>

Xx=0 X X—>o0 X

e npasuno Jlonimans: TpPaHUI BIAHOIICHHS JIBOX HECKIHYEHHO MalluX

: . : o0 : :
(HECKIHUEHHO BEJIMKKX) (YHKIIH (HEBU3HAYEHOCTI 6,—), JIOPIBHIOE TPaHUIIL
o0

T _ iy F')

BiJHOILIECHHS 1X MTOXIAHUX: lim —< =Ilim ’ .
X—a (D(X) X—a qp (X)

-13-



2.2. [NoxiOHa cbyHKUIT

Iloxionolo nanoi Qyukyii Y= f(X) Yy _mouyi X=X, HA3UBAECTbCA TI'PAHULI

BIJTHOIIEHHSI MPUPOCTY (PYHKIIi 10 MPUPOCTY apryMEHTY, KOJIM HPHUPICT apryMEHTY

psIMy€ 10 HYJIS.

f'(x),_ = lim
X=Xo  Ax—0 AX
— Lo , dy
I[Hﬂ IIOX1IHO1 BX)KUBAKOTH III€ 1M TAK1 IIOBHAYCHHA . yx , d_
X

Jist oOuucieHHs TOXIJHUX NOTPIOHO 3HATU TaOJUIO0 (QOpMYyNl Ta OCHOBHI

npaBuiia JudepeHIFOBaHHS,

Tabauus noxionux

1. (ua) =a-u*t-u’ 9. (cosu) =—sinu-u’
' 1 ' 1
2.(Vu) =—=-u’ 10. (tgu) = u’
(o) 2\u (tgu) cos?u
1) 1 !
3| = =—=-Uu 11. (ctgu) =- -u’
(uj u? (ctgu) sinu
4, (e“) —e' U’ 12. (arcsinu)’: L
1-u?
5. (a“) =a"-Ina-u’ 13. (arccosu) =— U’
1-u?
6. (Inu)':£u’ 14. (arctgu) = U’
u 1+u?
’ 1 ’
7.1 - u’ 15. tgu) =— u’
(log, u) Tk (arcctgu) o2l

!

8.(sinu) =cosu-u’

-14 -



Ocnosni npasuia oudepenyitosanus

1.¢'=0 2.x'=1
3.(c-u) =c-u’ 4.(Utv) =u' LV
5(U-V),=u'~v+u-v' 6(% =5 -v—2u~v
v v
7. (uv) =v-u'-u'+u'-Inu-v 8. Axwo x = X(t), y = y(t), mo
Y
yx_xt,

2.3. HenepepsHicmb byHKUII.

@yukuis f(X) Ha3UBaeThCS HenepepsHoo 6 mouyi a, SKIIo:

1) us QyHKIisS BU3HAYCHA B JACSIKOMY OKOJIi TOUYKH d;

2) icuye rpanuis lim f (x);
X—a

3) 1 rpaHuIld piBHA 3HaYCHHIO QYHKIT B TOYI a, ToOTO lim f(X) = f ().
X—a

[To3nauaroun X —a=AX (npupict aprymenta) i f(x)— f(a)=Ay (upupict

¢yHKIIiT), YMOBY HemepepBHOCTI MokHa 3ammcatu Tak: lim Ay =0, T00TO (hyHKyis
Ax—0

HenepepsHa 6 mouyi moodi i minbku mooi, Koau 8 Yil mouyi HeCKiHUEeHHO MAlOMY
npupocmy apeymenma 8i0nosioae HeCcKiH4eHHO MAlull npupicm QyHKYii.

SAxio GyHKIisA HeepepBHA B KOKHIN ToUIIl IesTKoi 061acTi (IHTepBaly, CErMeHTa
1T. 1H.), TO BOHA Ha3UBAEThCS Henepeperoio 8 i obacmi.

Touka a, m0 HaneXUTHh 00J1ACTI BU3HAUYCHHS (PYHKIIIT a00 € TPaHUYHOIO IS i€
0071acTi, HA3UBAETHCS MOUKOIO pO3puU8y, SKIO B I TOYIl MOPYIIYETHCS yMOBA
HemepepBHOCTI DyHKIIII.

Sxmio icHyroTh ckinueHHi rpanumi lim f(x)=f(@a-0)i Iim f(x)= f(a+0),
x—a—0 x—>a+0

npuuomy He Bci tpu uncia f(a), f(a—0), f(a+0) piBui Mixk c00010, TO @ HA3UBAETHCS
moukoio pospugy I pooy.
Touku po3puBy I poay HOAUIAIOTECS, B CBOIO YEPTY, HA MOUKU YCYEHO20 PO3PUBY

(xomu f(a—-0)=f(@a+0)= f(a)) i na mouxu cxauxa (xomu f(a—0)= f(a+0)); B
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ocranaboMy Bunaaky pisaunsg f(a+0)— f(a—0) HasuBaerbes cxkauxom (yHKIIT B
TOMIII a.

Touku po3puBy, sIKI HE € TOUYKaMH PO3pUBY [ poay, Ha3UBAIOThCS MOUKAMU
pospusy Il pody. B Toukax pospuBy Il pony He icHye xo4ya O OJIHa 3 OJJHOCTOPOHHIX
TPaHUILb.

Cyma 1 J100yTOK CKIHYEHHOI KUIBKOCTI HEmepepBHUX QYHKIINA € (yHKIisA
HelepepBHa.

2.4. SacanbHuUl nnaH 0ocioXeHHs coyHKUIU | nobydosa epaagbikis.

1. 3naiiTn o61acTh BU3HaYEHHS (DYHKIIII.

2. Jocnigutu GyHKIIIO HA MAPHICTh YU HEMAPHICTh.

3. 3HailTi TOUKM nepeTuHy rpadika GyHKIT 3 OCIMHU KOOPAUHAT.

4. Jlocnminuty (YHKIIIO Ha HEMEPEPBHICTh; 3HAUTU TOUKH PO3PUBY (SKIIO BOHU €) 1
BCTAHOBUTH XapaKTep PO3PUBY; 3HANTH aCUMITOTH KPUBOI.

6. 3HAWTH IHTEPBAJIM OMYKJIOCTI 1 YTHYTOCTI.

NMpuknaau po3B’si3yBaHHA 3aaad.

4
Ipuxnao 1. O6uucnutu lim 12X—4+5X.
X2 —4AX™ 4+ 7

Po3zé’a3yeannsa. IliacTaHOBKAa TpaHUYHOTO 3HAYEHHS AapPTyMEHTY TMPU3BOAUTH JI0O

. © . .
HEBHU3HAYCHOCT1 —. HOI[IJIHMO YUCCJIbHUK 1 3HAMCHHHK Ha CTapIoy
o0

CTeITiHb apryMeHTy, T00To Ha X” :

12+i
. 12x* +5x [ . x3 5 7 12+0
Im——=| — |=lm ——2—= ——)0, — >0|=——=-3.
xoo 4t 47 [oo] xoe 7 Lxe x* —4+0
_4+7
X4
Ipuxnao 2. O6uucnuru lim - COSA;X .
x—>0 Inil—x D

Po3ze’a3yeanns. TyT HEeBU3HAUCHICTh 0 BukopucrtoByeMo MeToa 3aMiHM HECKIHYEHHO

MaJIiX €KBIBAJICHTHUMHU.
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Tak sk mpu X —>0  1—cos4x=2sin? 2x=8x?, 1o
1-cos4x [0 8x°

lim =|—|=Iim =-8.
x—0 |ni1_xzi |:O:| x—0 _ x2

1
Hpuxnad 3. O6uuciura lim (5 + 2x)x+2 .

X—>—2

Pose’szyeanns TlinctaHoBka X =—2 NPU3BOAUTH 10 HEBU3HAa4YeHOCTI 1”. 3poOumo

3aMiHy 3MiHHUX: Y =X+ 2, |lim y=0, Toxi
X——2

1
lim (5 + 2X)E = [lw, BUKOPUCMOGYEMO 2 — V "uy008y epaHuwo"]z

X—>—2
1 1?2
=lim(L+2y)y = lim ((1+ 2y)2yj =e” .
y—0 y—0

2
. X™ =X+

Ipuxnad 4. O6uncauTu lim #
X—2 X _4

Pose ’sizyeanns Maemo HeBH3HA4Y€HICTH 6 Po3kiaieMo 4uCENIbHUK 1 3HAMEHHHUK Ha

MHOKHUKH 1 CKOPOTUMO:
2 J— J— J— J— J—
iim 5x+6_[0}:"m (x—2)(x 3)_"mx 3 2-3 1

x=2  x2_4

o2(x—2)x+2) 2x+2 2+2 4

|0

Ipuxiad 5. O6uncnuty moxigHy GpyHKuii Y =1g°X.

Po3ze’a3yeanns 1le creneneBa QyHKIlIS BITHOCHO tgX, TOMYy BUKOPHCTOBYEMO (pOpMyiTH

1110:

y' =5tg*x -

cos? X

[puknad 6. O6uucnuTy oxigny GyHkuii y = 3",

Po36’a3ysanns e nokasnukoBa GyHKIis. BukopucrtoByemo dopmynu 51 8:

y'=3%"% . |n3.c0os2x-2=2-3%"% .|n 3. cos 2x.
Ipuxnad 7. O6uncauT moxiaHy HYHKIII1, 3ajaHOT MTApaMeTPUIHO

X =acost
y=asint

0<t<2r.
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!

asint acost
Po3sé’azyeanns y, = ( ) = = —ctgt.

(acost)' —asint

2

: X 5
Ilpuxnao 8. TlokazaTu, 110 npu x=35 QyHKIisA Y = ~_5 Ma€e pO3pUB.

Po3ze’a3yeannsa B Touli x=5 (yHKIIIS HE BU3HAUCHA, TaK K, BAKOHABIIHU M1JCTAaHOBKY,

oTpuMyemo HeBu3HaueHicTh 0/0. B iHmmx Toukax Apid MOKHA CKOPOTUTHU Ha X—D, TaK K

x-5#0. 3Haunth, Yy =X+5 npu X#5. Jlerko 6auntu, mo lim y= lim y=10.

x—5-0 x—>5+0
TakuMm ynHOM, Npu X=35 QYHKIIISI MAa€ YCYBHUN PO3PHUB.

3
. . X +4
IIpuxnao 9. Ilo6ynyBaTtu rpadik GyHKLiT Y = ;L
X

Po3ze’sz3veanns

1) OGnacth Bu3HA4YeHHS (QYHKINT — BCsS Bich Ox 332 BUKIIOYCHHSM TOYKH X=(), TOOTO
D(y) = (— 90;0) U (0;40).

2) dyHKIIis € Hi mapHOoIo, Hi HenapHow, Tak sk f(X) = f(—Xx) i f(—x)=—f(X).

3
) ) X° +4
3) 3Hax0aUMO TOYKH MepeTHHY Ipadika 3 Biccio Ox; MaEMO > X= —3/4.
X

4) Touka po3puBy x=0, IPUIOMY Iim0 y =00, Otmxe, x=0 (Bicb Oy) € BEpTUKAIHHOIO
X—>

ACUMIITOTOIO.

3HaxX0IUMO IMOXUJI1 aCUMIITOTH:

3
jm 00 _ i X4y,
X—wo X X—»00 X
3
Iim[f(x)—kx]:lim(x er4—x]:Iim A}
X—>0 X—>0 X X—o Y

Iloxuna acumMnToTa Mmae BUTJIAL Y =X.

5) 3raxoanMo ekcTpeMyMu (DYHKIIIT Ta IHTepBajIu 3pOCTAHHSA 1 criafianHsg. Maemo:

8 x°-8
':1——: ’
y x3 x>

y'=0 npu x=2; y'=w0 npu x=0 (Touka pO3pHUBY

¢ynkumii). Toukm x=0 1 x=2 po30OHUBAIOTh YHCIOBY BICh Ha MOPOMIKKHU
(—0;0), (0;2), (2;40), mpuuomy y'>0 (dyHKuis 3pocTae) B  MPOMIKKAX

(— oo;O) i (2;+oo), i ' <0 (pyHKIis cIagae) B IPOMIDKKY (0;2).
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. 24 ..
Jaui, 3Haxoaumo y" = — y"(2) > 0, 3Ha4nTh, ¥=2 — TOYKA MIHIMYMY; Y iy = 3.
X

6) 3HaxoAMMO IHTEpPBAIM OMYKIIOCTI 1 yTHYTOCTI KPUBOT 1 TOUKH Nieperuny. Tak sk
y" >0, To rpadik ¢pyHKuii Bcroau yrayTHid. TO4oK Ieperuny KpuBa He Mae.

BukopucroByroun oTpumani fani, Oyayemo rpadik ¢yHKIIii:
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Po3zaia 3. HeBu3HaueHuid iHTErpaJ

3.1. [lepeicHa. Bnacmusocmi Hesu3Ha4YeHo20 iHmezpana. Tabnuusa iHmeeapariis.

Osnauenns. ynxnis F(X) vasupaeTses nepsicuoro 6id gyuxyii f(x) Ha Bigpisky [a,b]

, SIKIIIO JJIsI BC1X TOYOK LIBOTO BIJPi3Ka BUKOHYETHCS PIBHICTh F '(X) =f (X)

Osnauenns. Skmo ¢ynxuis F(X) e mepsicuoro misa dymxuii f(x), To Bupas F(x)+ C

HA3UBAETHCA HesusHavenum inmezpanom Bin Gyskiii f(x) i mosHagaeTscs
j f (x)dx.
3a 03HaUYEHHSAM MA€eMO: I f (x)dx.= F(x)+C,
ne f (X) — MiJIHTerpayibHa (QYHKIIIS;
f (x)dx — mininTerpanpHMit Bupas;

X — 3MIHHA IHTETPyBaHHS;

C — crana iHTerpyBaHHSI.

Bracmusocmi nesusznauenoco inmeepana

1. Q‘f(x)dx)' = f(x) 4. fcf (x)dx=c[ f(x)dx

2. d([ f (x)x)= f (x)ax 5. [df (x)=f(x)+C

3. [[f.(x) £ £,00kx=[ f(x)dx+ [ f,(x)dx 6. Aiwo | (x)dx=F(x)+C, mo
[ f(u)du=F(u)+C, oeu=u(x)

Tabauys ocHogHuUx IHMe2palie
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m+1

1. J'xmdx_ +C, m=-1
m+1
dx
2. | —=I C
Jx n|x| +
3. [a*dx="—+C

Ina

4. [e*dx=e* +C

.. 1
5. |sinaxdx=—-=cosax+C
. a

- 1 .
6. |cosaxdx=—sinax+C
. a

3.2. [HmeepysaHHS no yacmuHax.

I[Ipu upomy 3a U Oeperbcs Taka (QYHKIIS,

10. |
11. |

12. [

Iudv:uv—jvdu.

1 1
=—tgax+C
‘cos’ax a
1 1
| == =——ctgax+C
sin“ ax a
dx 1 X
| = > =—arctg—+C
X“+a- a a
2dx Zzil X-al -~
X°—a 2a [X+a
. X
=arcsin—+C
a® —x? a
dx ‘x+\/x +a‘+C
X2 +a

gka Tpu AudepeHIliOBaHHS

CTIPOIIYEThCS, a 3a dV — Ta YacTHHA MiIIHTETPAIbHOTO BUPA3y, IHTErpasl Bijl IKOT MOXKHA

JIETKO OOYHMCIIUTH.

Coig mam’ aTaTu:

1) [P(x)e™dx

2) [ P(x)sin axdx

3) [ P(x)cos axdx

4) [ P(x)In xdx

5) [ P(x)arcsin xdx

6) I P(x)arccos xdx

3.3. IHmeepysaHHsa mpu2oHOMeMPUYHUX COYHKUIU.

u=P(x)
u=P(x)
u=P(x)
u=Inx

u =arcsin x

e dx =dv,
sin axdx = dv,
cos axdx = dv,
P(x)dx = dv,

P(x)dx = dv,

u =arccos X P(x)dx = dv.

1) iHTErpamu BUILY IR(Sin X, COS X)dx, ne R — pamionanpHa

byHKIIiA,

. - X .
OOYHMCITIOETHCS 3a JOTIOMOTOI0 YHIBepcainbHOI minctanoBku tg —=t. Toxmi
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X 2
2 _ arctat, X = 2arctgt, dx = dt,
2 g g 1+t2
X 2 X
. 295 o 1-197 5 4 2
sin X = = COSX = S
1+'[922 1+t 1+t922 Lt

B nesikux Bumaakax Mo>kHa CIIpOCTUTH OOUYHUCIICHHs iHTerpaniB. Hampukian:
a) saxmo ¢yskmis  R(Sin X,COSX) — HemapHa BigHOCHO SiN X, TOG6TO
R(~sin x, cos x) = —R(sin x,cos x), To 6epeThes TincTaHOBKA COS X = t.
0) SIKIIIO R(Sin X, COS X) —  HemapHa BITHOCHO COSX, TOOTO
R(sin X, — cos x) = —R(sin X, cos x), To 6epeThes TmincTaHOBKa SiN X =1.
B) skmo R(Sin X,cosX) — mapHa BiZHOCHO COSX i SiNX, To6TO
R(— sin X, — COS X) = R(Sin X, COS X), TO O6epeThcs mifcTaHOBKa tgX =t.
2) iHTErpaay BUmy Isin ™ x-cos" xdx.
- SIKIIIO M — HeMapHe JOJIaTHE YUCII0, TO OepeThes IMiJCTaHOBKa COS X =t.
- K0 N — HeMapHe JI0aTHE YKCIIo, To — Sin X =t.

- IKIII0 M 1 N — TTapHa JI0JaTHI YKciia, TO JJIsl IepeTBOPEHHS MIAIHTerpaibHO1

(b yHKIIIT BAKOPUCTOBYIOTHCS (POPMYJIH:

) 1.

sin xcosx:Esm 2X,
s 1

sin x:§(1—0052x),

cos® x = %(1+ COS2X).

3)  i”Terpanau BHIY Itg T xdX i I ctg " xdx , me m — moxatHe yUCIIO.

JInst 3HaXOHKEHHS TaKUX 1HTETPalliB BUKOPUCTOBYIOTHCS (POPMYJIH:

tg2x = 12 -1,
cos® x
ctg?x = _12 ~1.

sin? x
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3.4. IHmeepysaHHSs pauioHanbHUxX 0pobis.

: P(x
Osnauenns. Payionanionum 0pooomM Ha3UBAETHCS P10 BULY Q, e P(x) i Q(x)

Qx)

— MHOI'OYJICHH.

PanionansHuii Api6 HA3MBACTHCS NpA6UILHUM, SKIIO CTETiHb MHOTOUNeHa P(X)

MeHTIIe cTeneni MHorouwtena Q(X).

[IpocTi 1poOu — 11e mpaBUIIbHI APOOH BUAY:

A
b —1
X—a
° A —, meZ, m>1
(x-a)
2
X° + px+g
2
o Ax+B —, meZ, m>1 p——g<0:>x1,2¢£R.
(x2+px+g) 4

NMpuknaau po3B’si3yBaHHA 3aaad.
Ipuxnao 1.
I(Sx“ —7sin 2x + 4> + Z)dx x SJ' x*dx — 7Isin 2xdx + 4Ie3xdx + 2! dx =

X5

:5°€—7-E.0032x+4é-e3x +2x+C=x® —Lcosax+ 2e 1 2x+C.

lpuxnao 2.
2 X2: 1 1 1 7'[ 7X2
[x-7¢dx=| 2xdx=dt |=[7"-Zdt="[7'dt="-——+C= L C
2 2 2 2 In7 2In7
xdx = — dt
L 2
lpuxnao 3.
_ arcsin x =t . ti ,
arcsinx . - R 2 —
B N B N R S R
Ji-x2 5
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Ilpuxnao 4.

uv—jvdu
3 3
Ixz-lnxdx= u=Inx du=£dx X X—-ldx:
X 3 3 X
X3
dv=x%dx v=_--
L 3
3
_l-x?’-Inx—}szdx:l-ﬁ-Inx—l-X—+C:1-x3-Inx—l-x3+C.
3 3 3 3 3 3 9
Ilpuxnao 5.

. 2
Icos5 xdx:.[cos4 x-cosxdx=J'(1—S|n2 x) cosxdx =

. . inx=t
:j(l— 2sin? x +sin* x)cosxdx:ﬁlgs);dx:dt}zj(l—th +t4)dt:

) s t* t° . 2 .5 1.«
:J'dt—ZJ't dt+It dt=t—-2-—+—+C=sinx—=sin” x+=sin> x+ C.
3 5 3 5
IIpuxnao 6.

dx=®

3x% —7x+10
I(x2 +4Xx—2)
[TimiHTerpanbHUl pallioHATbHUM JpI0 € TNPaBWIBHUM 1 PO3KIATAEThCS Ha
eJIeMeHTapH1 1poOu BUIY:
3x? -7x+10 Ax+B C
(x2 +4Xx—2): 4 x-2
3x? — 7x +10 = (Ax + BYx — 2)+ C(x* + 4)
3x? —7x+10= Ax(x - 2)+ B(x — 2)+ Cx* + 4C
3x* = Tx+10 = Ax® —2AX + Bx— 2B + Cx* + 4C
3x* —7x+10=x*(A+C)+ x(B — 2A) + (4C - 2B)
x?: 3=A+C
x': —7=B-2A
x°: 10=4C -2B
C=1
A=2
B=-3
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d d
4dx—ﬂ?2i4+jxfzz

= In(x2 + 4)—garctg g +In|x -2 +C.

X

ox-3 1
®=j(xi(_4+x_2jdx:2sz
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Po3aia 4. BusHaueHui iHTerpaJ

4.1. Qopmyna HeromoHa-JleltibHiua.

T (ix=F(x) = F(b) - Fla)

[MTPMITKA. Bci cniocoOu, hopmyiu asist 00UMCICHHS! BU3HAYEHOTO 1HTErpasia

3QJIMIIIAIOTHCA TaK1 XK, 5K 1 1711 HEBU3HAUCHOTO 1HTErpala.

4.2. 3acmocyeaHHsa sU3HaYeH020 iHmezparna.

1. Ilnowa npocmoi ghicypu.
Ilnoma KpuBOJiHilHOI Tpamenii, o6MexeHa HemepepBHOI KpuBoo Y = f(x),

JIBOMa MapaneTHUMH IPAMUME X =@, X =D i Binpiskom oci Ox (a < x <b) nopisHroe:

S =jl f (x)dx

Sxmo moma S o6MexkeHa 1BoMa HerepepBHUMHU kpuBumu Y = f,(X), y = f,(X),

b

ne f,(x)< f,(x), To S = [[f,(x)- f,(x)dx

a

2. O0’em mina obepmanHA.

O0’eM TiIa, YTBOPEHOro OOEpTAaHHAM KPHUBOJIIHIMHOI Tpareli,
2

00MEKEHOIO
KPHBOIO = f(x), Biccro Ox, npasmumu X=a, X=Db wnaBkomo oceii Ox i O
p p v

00UHnCITIOEThCS 32 GOPMYJIaMH:

b
V, = 7[_[ y2dx,
a

b
V, =27 xydx
a

MNMpuknagu po3B’si3yBaHHA 3aaau.

Jx =t _ .
j:Ti-ztdtz(t2 —4t+4|n\tuz =

Lpuxnao 1.
dx=|x=t2 =

Y
4 dx = 2tdt

=(9-12+4In4)—(4-8+4In3)=215.
-26 -
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Ipuxnao 2. OOUUCANTH IUIOILY TUIOCKOI PIrypH, 0OMeXeHy JIHIIMU:
y=sinx+2, y=1 x=0, x=nr.

Po3ze’sa3veanns.

(sin x + 2+1)dx:jsin xdx+3jdx ——cosx|; +3X; =—(-1-1)+37=2+3x.
0 0

S:

O =

Ilpuxnao 3. OGuucnutTu 006’€M TUIa, YTBOPEHOI'O OOEPTaHHSIM HaBKOJO oci Ox KpUBOi

y=v4x—-x*, y=0, x=2 (0<x<2):

2

2 2 2 3
Poss’asyeanns. I = 7[_" y2dx :ﬁj (4X — x? )dx = 7{4 . X? — X—J = 7{8 — gj = E;;_
0 0 0

3

JlitepaTtypa:
1. Axiapmua B.Jl., Kacsapym C.O., I'puropenxo K.B., Uactokonenko LII. «Bwuma
maremaruka. Yactuna 1» — Yepkacu, 2016 p.
2. AxinpmmH B.JI., Kacapym C.O., I'puropenko K.B., Yacrokonenko L.II. «Bumra
maremartuka. Yactuna 2» — Yepxkacu, 2016 p., 218c.
3. I'puropenxo K.B., Kacsapym C.O., Yactokonenko L.I1. «Buma matemaTtukay». Hasu.
noc., Yepkacu, — 2017, 90 c.

4. Jlanko H.E. u ap. «Briciiasg MaTemMaTuKa B yIpaXKHEHUSX U 33/1a4ax».
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3aBaaHHA AN BUKOHaHHSA poboTw.

1. 3a koopounamamu eepuwiun nipamiou A1A2A43A4 3natimu:

1) oosicuny peoep A1A> i A143;

2) Kym mixc peopamu A1A2 i A1A43;

3) naowyy epani A142A43;

4) 00’em nipamiou;

5) pisnanna npamux A1A2 i A1A3;

6) pienanns naowun A1A2A3 i A1A2A4;

7) kym mixe nnowmunamu A1A2A43 i A1A2As.

Howmep 3amaui | Koopaunatu Koopnunatu Koopaunatu Koopaunatu

TOYKH A1 TOYKH A> TOYKH A3 TOYKU A4
1.1 0, 2,3) (6, 5, 5) (2,4, 6) (-3,4,9)
1.2 (2,-1,2) 8,2,4) (4,-7,5) (-1,1,8)
1.3 (2,0,-1) 8,3,1) 4,-6, 2) (-1, 2,5)
1.4 (1,1,1) (7,4, 3) (3,-5,4) (-2,3,7)
1.5 (-2,2,1) (4,5, 3) 0,4, 4) (-5,4,7)
1.6 4,0,3) (8, 3,5) (4, -6, 6) -1,2,9)
1.7 (-1,1,0) (5,4, 2) (1,-5,3) (-4, 3, 6)
1.8 (3,2,1) 9,5, 3) (5,4, 4) 0,4,7)
1.9 0,7,1) (4,1,5) 4,6, 3) (3,9, 8)
1.10 (5,5, 4) (3,8, 4) (3, 5, 10) (5,8, 2)

2. 3naiimu po36’a30Kk cucmemu JiHIHUX PIGHAHD:

a) memooom Kpamepa;

0) mampuyHuM cCnOCoOOOM.

2.1.

2.3. <

4x +2y+32=3
SX+y +z =4
X+3y—-2z =-7

S5X+2y— 2=2
13x+5y+2z2=18
X —3y =0
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5x-9y-14z =6
22. 3 x+7y+52 =11
5x-21y-27z =-5

6x+3y—5z =0
24.:9x+4y -7z =3
14x+6y-11z=6




5x-9y-14z =6
25.3 x+7y+52 =11
5x-21y-27z =-5

2X+3y+4z=15
2.7.5 X+ y+5z=16

3X-2y+z =1
(y—2z=-8
2.9. :5x—-6y+4z =20
6X+4y+3z =7

dx+y—-3z=-1
2.6.:8x+3y—-62=-1
 X+y—z=-1

([ BX+2y— 2=2
2.8. {13x+5y +2z=18
X — 3y =0
(y—2z=-8

2.10.:5x -6y +4z =20
6X+4y+3z =7

3. Obuucnumu panuyi ynKuyiii, He KOPpUCMYIOUUCH Memooamu OughepenuiaibHo2o

YUCJ/ICHHAL.
J— X J—
3.1.1) lim —&_—1
x> arctgx
2
. X°=9
gt x% —3x
3 —
32. 1) lim —X_=3_
X—>00 1
In(1+ j
X
. X®-6x+8
3) lim N I —
x=>2 X —8x+12
33.1) lim X =2
x»ltgﬂx
2
3) lim X 25x+6
X—3 X —9
3.4.1) lim "X
x=0 X +1
2
3) lim 2X°+7X+6

x>2 X% 4 x—2

-29.

. 8x3 +11
2) lim
x>0 7x3 —5x2 4+ x

X
4) lim (1+ E]
X—>00 X
4 3
2) lim X 5+ S5X 4+7
x—o 2x° 4+ 3X" +1

—4

4) |im3(7+2x)m
3 9y2

2) lim 4x° — 2X +X

2 10
x—>o 3% 4+ By

1
4) lim (1 —sin 3X)1—cos 2X

X—>r

. 2x* +3x% +5x -6
2) lim — 5
x—o ¥ 43X +7x-1

3
4) lim (4 +3x)x1

Xx—>-1



X+2
35.1) lm & 1
x>-2In(x + 2)

2
3) lim X 7x+10

x>2 x% —8x +12

3.6. 1) lim sin x - (tgx + x)

X—>—
2

2
3) lim 3x2 X+ 2
X_,%3X +11x -4

2
37.1) lim 2 +3x+1
x>-05 6x% + x -1

2
3) lim 3x2+7x+2
X_%I%x —-2x-1

3.8.1) lim 105X
xor  Ctgx

3.9.1) lim cos(x — 3) + 2x
x—>-3 X+3

2
3) lim 2x2+x 1
x>056x° —x—1

In(1+ 3xsin x)

3.10. 1) lim
) x—0 tgxz
2
3) lim 33X +4x+1

H_% 3x% —5x -2

4. 3naiimu noxioni nepuio2o nopaoOKy, GUKOPUCHIOBYIOUU RNPABUIA OOUUCIEHHA

nOXIOHUX:

4.1. 1) y:l3+sin 3x
X

1+sinXx
1-sinx

3) y=lIn
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2
2) lim —*—*
x>0 3X° —3X + 2

4

4) lim (9 - x* )2

X—>0

2
2) lim x2+3x 8
x—o 3x° —5x — 2

1
4) lim (1 - sin? 2x )05

x—0

2 J—
2) lim 2x2 5x +8
x—o 3x° + 6X —15

1

4) lim (3 — 2x2 o)

x—1

2
2) lim 2"2 X=4
X0 4X° + 3X + 2

1
4) 1im (10 — 3x)33—x)
X—3
3 2
2) lim 4x 3+9x + 2X
x> 3x° —8X +4

1
4) lim (5 +2x)x+2

X—>—2

3 2
2) lim 4x3+3x 2
X>o X% —X—6

-1

4) lim (9 + 2X)2(x+4)

X—>—4

2) y=X- arccosg

B 2
" {x =arctg(L+1t)

y=t> +2t+2



4.2.

4.3.

4.4.

4.5.

4.6.

4.7.

4.8.

4.9.

1) y:%xi/}—ZcosAx

3) y=arctg

X
Va4 - x?
1) y=74x-2In 2x

arccosx
3) y= "

1) y=2x% —5Jx +tg2x

sin X — COS X
y="-—"-—"-
Sin X + COSX

1) y=3Jx + 2In 4x — 4%

2C0SX —Sin X
3) y=—
Sin 2X + 4X

1) y =3 +./2x

1+sin X
COSX

3) y=lIn

1) y =sin 3x + cos? x — 4

_In2x

) y=—21
)Y tg3x

1) y=e> +3/2x + x?

arcsin 2x
Y y="—"""7
arccos3x

1) y=In? x + 2+/cos x

_ sin4x
COS8x

3)y

-31-

2) y = x? sin X + +2X c0S X
» {x:tg(tz)
y=t?-5
2) y =+/x -arcsin v/x
» {x—(l—t)2
y =cos(t —1)*
2) y=x%e¥
2 {X:Bet
y=(2+e*‘)3
2) y = Xx-arcsin 3x

3
X=——

4) 1+t
y = arctgt

2) y=arctg2x-In 2x

» {x:7+t2
y=ctg(3t2)

2) Yy =C0S2X -Ssin 3x
X = arcsin 2t

4) 1

1—4t?

2) y=In3x-2"

= (t —1)

o oty
y =sin(t —1)
2) y:3ln4x-eﬁ

N {x:ln(l—t“)

y= arccos(t2 )



2
4.10. 1) y =—— + 7arctgx
VX

_ C0S2X

3)y_ 3\/7
X

5. Obuucnumu neeusnaueni inmezpanu.

5x2dx
5-2x3

5.1. 1) j

3) j X €0S 5xdx

x2dx
Vx3 -4

3) J-ln(ZXX3+1)dX

5.2.1) |

5.3.1) Iex2+2x (x +1)dx

3) Ixe3x‘5dx
5.4. 1) I'\/l— 2x3 x2dx

3) j(x +1)cos 2xdx

dx
>5-1) len2 X

xdx
3) J.sinz X

5.6.1) | V2+2tgx dx
COS™ X

3) I X €0S 5xdx

dx
>r ) J.sin2(3— 2X)

3) [ xIn(x —1)dx

-32-

2) y=3/x -sin 4x

» {x =sin®(1—4t)

y =cos*(1 - 4t)

dx
I2+tgx

2) I dx

1-sin? x

dx
2 -
) J‘sinz X - 19 % X

2) jsin 3X €os 5xdx

2) jsin > 2xdx

dx
2 -
)I4+23inx

5 I 2 —sin x
2+ 2C0SX

dx



581)j 7
n X

3) [ (2x+ 1)arctgxdx

59.1) [ dx

3-5sin? x
3) I arctg+/2x —1dx
5.10. 1) [e**dx

3) I arcsin xdx

6. Obouucnumu eusnaueni inmezpaiu.

3
6.1. jx?’\/x2 —1dx
1

r
e?

6.3. jcosln xdx

7. Obuucnumu naowy naockoi gizypu, oomesxrceny Kpueumu. 3pooumu cxemamuuHuil

PUCYHOK o0nacmi.
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Z)I dx

3—-2c0sX

dx
2) | ————
'[1+33in2x

sin x
2 dx
) Il—sin X

1
xdx
6.2. j1+ v

o

sin? x

COSX

6.4. dx

Oy

27
6.6. jcosSx cos xdx
0

2
dx
6.8.
{xz + X

1
6.10. [ xarctgxdx



XY 1 oo y=0,
4 1

7.2,y = 2 =4y.

134y:x, y=2.

7.4. x> +y?<9, y=0 (y=0).
75.x* +4y-16=0, y=0.
7.6. y2=—x+9, x=0.

7.7. y=x2, y=2-x°

78. x> +y2+2x=0, y=0 (y=0).

7.9. y=Inx, y=0, X=e.

7.10.y =—J4—x?, y=0 (y<0).
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