iA 4 AndbepeHLUiaAbHE YUCAEHHS
Po3aiA PYHKLIN KiAbKOX 3MiIHHUX

4.1. OCHOBHI MOHATTH.

4.1.1. ITpocrip R".

Onne 3 dbyHAaAMEHTAIBHUX MOHSATH MAaTEMAaTUKU — MOHATTA (DyHKIIT OHIET 3MIHHOT —
LUUIKOM HPUPOJHO, 32 AQHAJIOTIEI0, y3arajlbHIOETbCS HAa JOBUIBHY KUIBKICTH 7 3MIHHHUX 3
0IHOYACHHM TIEPEX00M Bix mpoctopy R? (mtomuum) 10 n-BuMipHOTO mpoctopy R". ITogamo
Jani JOKJIaJHe TEOPETUUHE OOIPYHTYBAHHS TaKOrO y3arajibHEHHS.

MHOX1HY, eIeMEeHTaMH SIKOi € BC1 MOJKJIMBI HAOOpH BHOPSAKOBAHUX N AIMCHUX YHUCEl,
no3HavaroTh R". ¥V 1ili MHOXHHI O3HAYyIOTh TIOHSATTS BIJCTaHI MK Oy/Ab-SKUMH JIBOMa il
€JIEeMEHTaMHU.

Bincranp MDK eleMeHTaMA

X=(%, % o, X,) €ERY T y=(Y, V5, - ¥,) €R",
X Y,eR,i=12,..,n,

MOJIAETHCS Yy BUTJISII

p(x, y)= (4.1)

O3nauenna. Muoxuna R" i3 BBeICHOIO Ha Hili BiJCTAHHIO HA3UBAETHCS N-8UMIDHUM
npocmopom R", umcno nN—posmipnicmio 1uporo mpocropy. Emement X=(X, X, ..., X,) €R"
Ha3UBA€ThCs mouxorw npocmopyR", uucno x;, i=12,..,n, —i-10 Koopounamow i€l TOYKH.
Touku x=(0,0, ..., X, ..., 0) N-BumipHOro mpocropy R" yTBOpPIOIOTH i-TykoOpOuHamuy 6ico
npoctopy. Touka 0 = (0, 0, ..., 0) HaA3UBAETBCSA nNOUAMKOM KOOPOUHAM.

IIpoctip R! 3 eremenTamu x = x1 — uncnoa npsima. I[Ipoctopu R? i R® 3 enemenTamu x =
(or1.x2) 1 x = (x1, X2, X3) ABJIAIOTH COOOFO BIAMOBIAHO IUIONIMHY 1 TPMBUMIPHHIA IIPOCTIp.

VY mpocropi R" MOKHA O3HAYUTH HOHSITTS CYMU elleMenmie 1 006ymKy elemeHma Ha
OiticHe Yucio:.

SIKIIIO
X=(X, Xy s %)y Y=Yy Yo 0 Y)ER", 2€R,
TO
X+Y=(%+VY, X+ Y, o X, +Y,) €R", AX=(AX, AX,, ..., AX,) €R".. (4.2)

4.1.2. O3HayeHHs PyHKUIT 6araTboX 3MiHHHX.

O3nauenna. SIKIO KOXHiM Toulli MHOXHHU Dn-BumipHoro mpoctopy R" 3a nmesikum
3akOHOM P(x1, X2, ..., Xn) TIOCTaBJICHO y BIINOBIIHICTH OJHE 1 TUIbKM OJHE JIMCHE YHCIIO

ze E <R, 1o roBopsts, mo B obnacti D < R" 3agano ¢yrxyito n nezanesxicrnux sminnux.

z="F(X, X, ..y X,)-
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I[Ipu ubomy D HaszuBawoTh obOracmio euznauenus ¢yuxyii, a E—obracmio 3naueHd
@yHKyil.

3rimHo 3 o3HadeHHAM ¢yHKOi0 Z= f(X, X,, ..., X,) MOXXHa pO3IIsAmaTé SK (YHKIIO
TOYKH 1 3armucyBatu sik Z = f (P).

3okpemMa, Koiau N = 2, MaeMo QYHKIIIO ABOX 3MiHHMX Z = f (X, Y), SKIIO KOXHIA mapi

(X, y) € D Ha uomuHi TOCTAaBICHO y BIIMOBIAHICTD OJHE 1 TUTBKH OJTHE YUCIIO Z.
4.1.3. I'padpiune 300pakennsi GpyHKuUii 1BOX 3MiHHHUX.

Osnauennsn. ' pagixom GyHKIIT 1BOX 3MiHHUX Z = f (x, y) HA3UBAETHCSI MHOKMHA BCIX

Touok (x, v, f(X, y)) mpocropy R®, ne (X, y) eR2.
[Io6 300pa3utu rpadiuno (PyHKIIIO TBOX 7 A

[~
~

3MIHHUX, PO3TJISIHEMO CHUCTEMY KOOPIWHAT XVZ y T QY. 2)
TpUBHUMIpHOMY TipocTopi (puc. 4.1).
Kosxniii mapi yucen x i y BIAMOBIAAE TOYKA

3HaueHHs ¢QyHkmii Z= f(X, y), gictaHeMo TOYKY

|
|
|
|
|
P(x, y) mmoumHu xy. VY3sBmM B il TowYIN |
|
|
|
|
|
|

y
y mpoctopi R® 3 xoopmumatamu (x, y,z), fKka 0 S >y
no3HavaeThest cuMBoJioM Q(x,y, Z). Vi Taki TOUKH, > "'""““\"I’P(X, v)
10 BiMOBIAIOTH PI3HUM 3HAYCHHSIM HE3aJICKHHUX X
3MIHHUX X 1 y, YTBOPIOIOTH TI€BHY HOBEPXHIO ) Puc. 4.1

npocmopi R3. 1151 moBepxH4 i € epagpiunum 306pasicennam pyuxyiiz = (X, y).

Fpimm=m: | padiunum 300paxeHHAM (QyHKOli Z=4-X-Yy € IUOIMHA, IO NPOXOIHUTH
yepes Touku (0, 0, 4), (0, 4, 0), (4, 0, 0) (puc.6.2).

Puc. 4.2

Fpim=m: | padiunum 300paxkeHHaM QyHKii Z = y? —x* € cimno (puc. 4.3).

A
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3ayearxcenna. Ha npaktuni nodyaysaru rpadik (GyHKHii 1BOX 3MIHHHX OyBa€ HEJErKo,
OCKUIBKH MOTPIOHO 300pa3uTH Ha IUIOMIMHI IPOCTOPOBY (irypy, a 11e He 3aBXKIU BAAETHCS.

Icaye i iHmMA crnoci®d reoMeTpuyHOro 300paxkeHHS (QYHKIIT ABOX 3MIHHHX — 32
JOTIOMOT 01O JIIHIM PiBHSL.

O3nauenns. Jlinicio pienss HA3UBAETHCS MHOXKMHA BCIX TOYOK IUIOLINHHU, B SKUX (DYHKIIis
z=f(x, y) nHaOyBae OJHAaKOBUX 3HaueHb. PIBHAHHS IIHIA pIBHA 3alMUCYIOTh Yy BUTIISIL
f (X, y) =c. dns GyHKUii TpbOX 3MIHHUX PO3TIISIAIOTE NOBEPXHI PIGHS.

HaxpecnuBim KiibKa JTiHINA piBHA Ta 3a/1aBIIM 3HAYCHHS HA HUX (DYHKIII, JicTaHEMO
MIEBHE YSIBJIICHHS MPO XapakTep 3MiHH (QyHKITIT.
Fjiem—m: O/VH 3 HAWNPOCTIMINX MPHUKIAJB 300pakeHHS (GYHKLI 33 JOMOMOTOO JiHI
pIBHS — 3aJaHHs penbedy MicLeBOCTI Ha reorpadiuHiii kapTi. Bucota MicueBocTi

HaJ piBHEM MOps € (PYyHKII€I0 KOOPAMHAT TOYKM 3€MHOI MOBEPXHI. 3a JIHISIMU OJHAKOBOI
BHCOTH, HAHECEHUMHU Ha KapTy, JIETKO YABUTHU pelibed BIAMOBIIHOT MICIIEBOCTI.
Nplsm=m: [[oOynyBatu JiHIT piBHSA QYHKIII Z = # :
X“+y -4

Po3zé'azyeanns. 1llykane piBHIHHS Ma€ BUTJTIS
6y
> > =C.
X“+y -4
1. Sxmo ¢<0, To JMiHIA piBHSI HEMAE.
2.5kmio ¢ = 0, TO JiHii piBHSA CTAHOBJIATH MHOXHHY BCiX TOYOK oci Ox, Kpim 1BoX: (£ 2, 0).
6y

6
3Skmo >0, maemo ————=C"=c(X’+y’-4)=6y =X +y’ - y=4, abo
X“+y —4 C

2 3. 9 .. : . 9 . .
X +(y—C—2) :4+C—4. Omxe, JHIAMA PIBHSI € KOJIa PaJiycoM 4+C—4 13 IEHTPOM Y TOYIll

3 . . e
(O, —zj, 3 AKUX BWIY4eHO TOYKH (£ 2, 0). Y3sBmwm ¢ = 1, 2, ..., JicTaHEMO CiM IO JIIHIA piBHS
C
(puc. 5.4).
O N
Puc. 4.4

4.1.4. 3naxon:keHHsl 00J1acTi BU3HAYeHHs] PYHKUIT A1BOX 3MiHHUX.

PosrisiHemMo anropuT™ 3HaXoKEHHs 001acTi BU3HaYeHHs (YHKIII TBOX 3MIHHHUX Ha
TaKOMY MIPHUKIAIL.

In(x> +y*>-9)

Fplsm=m: 3paiitu oOnacTh BU3HAUEHHS (QYHKIIZ = 5
X—y

Ta HAJATU BIANOBITHY

reOMETPUYHY IHTEPIpETAIlilo.
1. 3anumemo o61acTh BU3HAUYEHHS (YHKI[IT aHATITUYHO:
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D={(x;y) eR*|x*+y*-9>0, 9x > y}.
2. 3amiauBmM HepiBHOCTI B D piBHOCTAMH, mOOyAyeMO JiHII, M0 BiAMOBIAAIOTH iM Ha
KOOPJIUHATHIN TIONIUHI:
X*+y*=9; y=9x

1 3). .
3.3a 10OMOro0 KOHTPOJIBHUX TOUOK F’l(a _Ej i P,(1, 3) 3’sicyemo po3mimenns D na
TUTIONIUHI i BUALUTMMO 11 ITpuxoBKot (puc. 5.5).

35 -%
— |+ —=| =—<9
2 2) 4 lopep;

9 3

—+—>0
2 2
2 2
1°"+3°=10>9 — P eD.
9>3
y

- = SRR
TR,
$000%s!

SRLRR

oteteeletelale!

%

e

=y

4.1.5. I'panuus pyHKUii 1BOX 3MiHHHUX.

O3nauenns. Yucno A Ha3uBaeTbes epanuyero @ynkyiiz = f(X, y) npu X =X, Y = Y,,

AKIO i Oyap-skoro & >0 icHye uncno o >0, Take, 0 B pa3l BUKOHAHHS HEPIBHOCTI
0< (x=X) +(y— ) <&
crpaBpKyeThest HepiBHICTD | f (X, Y)—Al< €.
[To3HauaroTh:
(X’y)lir(rgo’yo) f(x,y)=A, a6o ;“ll; f(x,y)=A
—>Yo

Hacniook. lim  c=c (c=const);

(%,¥)—>(%9:Yo)
lim =x; lim =Vy.
(X Y)>0%.Y0) % (xY)>(%.Yo) y=Yo

Teopema 1. Sxmro dbyukiis f(x, y) mae rpanuio mpu (x, y) — (xo, Yo), TO Taka rpaHHIIs
TUIBKH OJHA.
Teopema 2. Skio dyukiis f(x, y) mae rpanuio npu (x, y)—(xo, Yo), To BOHA 0OMex)eHa
B JiesskoMy okoJii Touku f(xo, Yo).
Teopema 3. Skmo lim f(x, y)=b, limg(x,y)=cC, i B aeskoMy BHKOJOTOMY OKOJIi
V=, V3o
TOYKH ( X,, Yo) BUKOHYeThcst HepiBHICTh f(X,Y) < g(X,y), 10 b<C.
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Hacniook. Slxmo f(x, y)=0 (f(x, y)<0) y nesxomy okomi touku (X,, Yo) i lim f(x, y)

Y=Yo
iCHY€, TO 1151 TPaHMIIS HEBi €MHA (HE0JaTHA).

Teopema 4. Sxmo lim f(x, y)=Ilimh(x, y)=b 1 y neskoMy BHUKOJIOTOMY OJ-0KOJIi

Y—>Yo y=Yo

TOYKH ( X, Yo) cIpaBmKytoThcst HepiBHOCTI f (X, Y) < g(X, y)<h(X, y), 01 lim g(x, y)=Db.

y=Yo
Teopema 5. Skmio lim f(x, y)=Db, lim g(x, y) =C,T0 BUKOHYIOTbCS PIBHOCTI:
Y V>
1) lim[f(x, y)+a(x, y)]=b+c;
V>
2) lim f(x, y)g(x, y)=bc;
V>
3) lim Y B (g
e g(x, y) c

Osnauenna. Sxmo lim f(x, y) =0, to dyukuis z= f(X, y) Ha3UBa€ThCSA HECKIHUEHHO
X—>¥%g
Y=o

manoio mpu X — Xy, Y = Y,
x> +4y°

06 lim '
pODHHOIHT B ) 12x—3y

PosB'a3yBanHda. 3acrocyBaBiim TeopeMy Mpo apu(METHYHI omeparlii HaJ I'PaHULSAMH, a
TaKOXK Y3SIBIIIH JI0 YBard Te, 1110 TPAHUIIS CTAJIOT BETMYMHM JTOPIBHIOE 1[Il CTaiid, TOOTO

lim x=-1 lim y=-2
(x, Y)>(-1,-2) (x, Y)>(-1,-2)

ICTAaHEMO:

H 2 5
2 5 lim (x +4 )
X“+A4Y’  (x y)o(1-2) y

i : =
x )>(-1-2 12X — 3y lim (12x-3y)
(%, Y)~>(-1,-2)
lim x*+ lim 4y°
_ LD (uy)(L-2) y _127
im  12x— lim 3y 6
(x, )~ (-1, -2) (%, Y)~>(-1,-2)

e OOYUCINTH Iimm(:_l'Jr—ZXy).
o sin 2xy

Pose'azysanna. Bisememo xy = t. Toxi 3 Toro, mo (x, y) — (0, 0), BummBae t — 0 i

. In(+2t)
3aIaHy TpaHUIIO MOXHA IMOJATH Yy BUTJIAAL I|m—.

: IMpu t — 0 maemo: In(l+2t) ~2t,
t-0  sjn 2t

sin2t ~ 2t . Omxe,
lim N2 _ 282
t>0  sjn 2t =02t 2

1.

=1.

In(1+2xy)

3Bincw, -
(xy)=(0.0)  sin 2xy

3ayearcenna. Ilonsarrs rpanuui B Touli g (yHKuii oaHiei 3MiHHOI Ta QyHKIIT
6araTboX 3MIHHUX MalOTh 06arato CHiUIbHOTO, ajie iCHY€e i MPUHIIUIIOBA PI3HUILIS, 3 OTJISAAY HA SKY
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MOHATTS TpaHMLli (PYHKIIT KUTBKOX 3MIHHHX € ICTOTHO OUThII OOMEXEHHM, HDK TOHSTTS TPAHULI
¢byHKLii 0/1HIET 3MIHHOI.

Tak, ns ¢yHkiii 6araTboX 3MIHHHX CIPABIUKYIOTBCS TEOPEMHU IMPO TPAHULIO CYMH,
TO0YTKY Ta YaCTKH, K1 aHAJIOTI4HI BIMIOBIAHUM TeopeMaM sl PYHKIIT OHi€T 3MIHHOI.

Boanovac MmaemMo Taki po301KHOCTI MK IIMMH TOHSTTSIMH:

Skio IXILna f(x)=b (f(X) — pyHKIis oxHiel 3MIHHOT), TO 11€ O3HAYAE, IO 1 TIBOCTOPOHHS i

NPaBOCTOPOHHS TpaHMIi ii JOpiBHIOWTh D. OOepHEHE TBEPKCHHS TaKOX MpaBHIbHE: 3
icHyBaHHs Ta 30iry JBOX OJHOCTOPOHHIX T'paHUIb BHILUIMBAE ICHYBaHHS TpaHHIi (QYyHKIII B
TOMYIII.

Hns ¢yaknii aBox 3miHHEX Z= f(X, yY) HaOMMWKEeHHS 0 TOYKU (X0, Y0) MOXKIIUBE
HECKIHYEHHOI0 KUIBKICTIO cOcO0IB: 1 cIpaBa, 1 3JiBa, 1 3TOPH, 1 3HU3Y, 1 M JEIKUM KyTOM
70 oci x Toio (puc.5.6).

butbmr Toro, 10 TOYKM MOXKHA HAOIMKATHCS HE JIMILE TIO TPsMii, a ¥ M0 CKJIaJHIIIUX
TpaekTopisx (puc. 5.7).

A y A
-
— N
\L/ R
— Hee— o[t ) )
: W NdLl
1 M A
! -
] |
] |
[} |
| |
] |
1 ; L ;
0 X0 x 0 Xo x
Puc. 4.6 Puc. 4.7

OueBHIHO, IO PIBHICTH (Iim) f(x, y)=b cmopaBmkyerbess Tomi ¥ TUIBKH TOJI, KOJIK
X0 Yo

TPaHMII JOCITAEThCS B PE3yJabTaTi HAOMMKEHHS 10 TOYKH (X0, Y0) MO Oyab-sAKil TpaekTOpii.
OTxe, MaEMO ICTOTHE OOMEXEHHS MOPIBHSHO 31 30iroM JBOX OJHOCTOPOHHIX T'PaHHMIL Yy pasi
GbyHKIIIT OHIET 3MIHHO].

oxy

> HC ICHYE.

Fpie=m! J/loBectu, mo  lim
a T -0 X4y

Poszeé'szyeanns. Habmmwxatumemocst 1o touku (0, 0) mo mpsiMiit y = KX.
Skmro y = kX, T0

. 5xy . 5xkx 5k

lim ———= Ilim ———= >
=00 X°+y°  xy-0.0 X +kx*  1+Kk

3ayBaKMMO, 10 3HAYEHHS TpaHULI 3aleKUTh Bl KyTOBOro KoedilieHTa MpsAMOi,
HaIpHUKIA/I:

. 5
npu K = 1 rpanuts 1opiBHIOE >

. 10 .
npu K = 2 rpanuns qopiBHIOE T 1T. 1.
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Orxe, Habmmkarounch 10 To4ku (0, 0) y pi3HUX HampsiMax, JMIiCTaEMO pi3Hi rpanuii. Lle

. Xy
osHavae, mo  lim ———
. 9)=>(0.0) X* 4y

HE ICHYE.

3aysascenna. JIns dyHkiin N>1 3MIHHEX MOXKHA pO3MIISLIATH N! Tak 3BAaHUX KIIOBTOPHHUX
TPaHUIBY.

VY dacTUHHOMY BUMAJKY U1 QYHKIIT qBOX 3MIiHHUX Z = f(X,y) MOXXHA pO3IIsIaTH JBi
MOBTOPHI I'PaHUII B TOYII (X0, 10):

lim(lim f(x, y)) i yILnyw (Xliﬁrrg0 f(x, y).

X=X Y—=Yo

2
Hanpuknan, ans yskmii z = MaEeMO:

2X+Yy

lim{ im 22 =Y |21 gim| im2=Y |- 1.
x—=0| y—0 2x+y y—0| x—0 2x+y

OTxe, 3MIHIOBaTH MOPSI0K TPAHUYHUX MEPEXOIB 3arajioM He MOKHA.

. . o OX . . .
CkaxiMoO, y TOMEpPeIHbOMY MPHKIAII Ilrrgz—y2 HE ICHy€, aje TOBTOpPHI TpaHMII
20X +y
. . BX . OX
ICHYIOTB: IIm(Ilmz—y2 =lim I|m2—y2 =0.
x—>0{ y—>0 ¥ +y y—0{ x—0 ¥ +y

4.1.6. HenepepBHicTh (pyHKIIIT 1BOX 3MiHHHX.

O3nauennsn. Oynkuis z= f(x, y) HA3UBAETLCS HENEepPepeHol0 6 Mouyi PO(XO, yo),
SAKIOI0
lim f(x, y)="f (X ¥o)-

X=Xy
Y—=>Yo

Osnauennsa. Oyuxiis z = f (X, y) HA3UBAETLCS HenepepeHor 6 obaacmi(3aMKHEHIN 4u
BIJIKpUTIi), SKIIIO BOHA HETIEpEpPBHA B KOXKHIN TOYIII I1i€T 00J1acTi.

Osnauenna. Oyukmivo z=f (X, y), BH3HAUYCHY HAa MHOXXHHI DcR?, Ha3uBaoTh
HenepepeHoio 3a muodicuroro ECD 6 mouyi(xo, yo) € D,skiiio

lim f(xy)="1(X: Yo)-

(X, ¥)=>(%, Yo ). (x, y) D

O3nauenns. Touka (XO, yo) Ha3MBAETHCS MOUKOIO po3pusy pynryiiZ = f (X, y) , AKIIO:
1) pynkmin z = f (X, y) HE BU3HAYCHA B TOYII (XO, yo);
2) byukuis z = f (X, y) BHU3HAUYEHA B TOYIIL (XO, yo), npoTe:

a) lim f (x, y) ue icaye;
X=X
Y—Yo

6) lim f(x, y) icuye, ane He nopisrioe f(X;, V).

X—>Xo
Y=Yo

107



O3nauenna. Touka (XO, yo) Ha3MBAETHCS MOYKOI0 YCY8H020 po3pusy GyHKii f (X, y),

skmo  lim f(x, y) icuye, ame abo f(X, y) me Busmauenma B Ttoumi (X, Y,), abo
X—>%g
Y—=Yo

lim f(x, y)# (X Yo)-

X=Xy
Y=>Yo

Fjlimmem: [O3MTHEMO QYHKILIO IBOX HE3QJIEKHUX 3MIHHUX
Xy (X* +y?>0);
f(x, y)=4x*+y’
0 (x ¥)=(00)
s pynkuis mae po3pus y touti (0,0), 60 B Hiit s pyHKIil f (X, y) TPaHULIl HE ICHYE.
Tyt Mu cTUKaeMocs 3 IIKABUM SIBUILIEM: PO3TJIsAAyBaHa (YHKIliI HE € HETEPEPBHOIO B
toumi (0,0) 3a ABOMa 3MIHHUMHU BOJHOYAC, aj€ € HEMEPEepBHOIO 3a KOXKHOIO 31 3MIHHUX X 1 )
OKpPEMO.

Fjiemzm: |OYKH PO3DHBY MOXYTb OyTH HE JIMIIC i30JbOBAHHMH, SK y IMONEPEAHBOMY

MPUKJIAJli, a MOXKYTh 3allOBHIOBATH JIiHIi, MOBEepXH1 Tomo. Tak, GyHKIlII JBOX
2 2

3minHuX f (X, y)zu, f(X, y):— MaloTh PO3PHUBH: Mepiia — mpsami Y =X,
X2 _y2 X2 + yZ _4
apyra — okin X’ +y° = 4. J{na QyHKIii TphOX 3MiHHEX
X+y+z 1
f(x,y, z)=—, f(X,Vy,2)=———
(v 2) == Ty 2) =t

PO3PHBH 3aTIOBHIOOTH BiIOBIHO TinepOoTiunmil mapadonoin z = Xy i koHyc z° = X* + y°.
4

3Hai |iIII—X y
HanuTUu .
L = | % °X4 y4
y—0

Poseé'azyeanna. Jlnsa 6yap-axoro ¢ >0 icuye & >0, Take 10 AjIs BCiX TOYOK (X, y) , K1

32JI0BOJILHSIIOTH  YMOBY \/x2+y2 <O 1 BIOMIHHI BiJ TOYAaTKy KOOPJWHAT, CIPaBKYETHCS

HEpIBHICTh
4 4
X'y X 2, 2
20 =———|y| S|y X +Y <S=e
X +y X +y
Otxe,
4
. X
lim—Y_ 0.
0
oOXT 4y

Fples=m: JSHaiitu rpanumto Qyskmii f (X, y)= ysin B Touli (0,0) 3a MHOXXHHOIO, Ha

AKi (QyHKIIiS BU3HAYCHA.
Poss'azysanna. 3ayBaxumo, mo (GYHKI[S He BH3HAYCHA B TOYKaX MpsiMoi y = X. Tomy

3BuvaiiHoi rpanuni B Toumi (0,0) He icHye. Ase TpaHUI 3a MHOXHHOIO TOYOK

D= {(X, y)‘ X # y} , Ha K QyHKIIisl BU3HAUEHA, ICHYE 1 JOPIBHIOE HYJIIIO, OCKUIBKH

<] yl.

‘ ysin
y—X
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2
X
. . 4—y2, akmo X +Yy* #0;
Njlamem OJHAHUTH 3HAYCHHS a, OPH SIKOMY GYHKIILZ =X +Y
a, akmo X +y? =0

B

toui (0,0):
1) € HenepepBHOIO 3a MpsAMOI0 X =at , ¥ = ft, a’+ B° #0;
2) HemepepBHOIO 33 KPUBOIO Y = a X’
3) HemepepBHOIO.
Pose'azysanna. 1 Habmmwxarumemocs mo toukd (0,0) mo npsamin X=at, y=}t,

a’ + % #0. lle o3HaYae, 0 BUKOHYIOThCS PiBHOCTI:

fim Y i XA iy @By @B
x50 x4 4 Z_tﬁ°a4t4+ﬂ2t2_”°t2 442 2 _t%0a4t2+ﬂ2_
y—0 y (a +B )

Axmo a=0, To nana ¢pyHKIisA Oy/e HEMEPEPBHOIO 3a JAHOIO MPSMOIO.

2. Habmmxatumemocs 10 Toukw (0,0) Mo kpuBiii Y = arx*:

X%y _ Xax? . ax* a

||mﬁ:||mﬁ:||m 2 > == i
0 0 0

2Ox Yt ooxt et o0t (1+a) lta

a .
Axmo a= g TO pO3TJIsiAyBaHa PYHKIIIS Oy/ie HEMEPEPBHOIO 32 IAHOO TPSIMOTO.
+a

2
. . X . . .
3. ¥V touri (0,0) ¢pyskis 4—y2 Ma€ pO3pHUB, OCKUIbKH B Hil TpaHuls He icHye. lle
X +y

purumBac 3 112.

Njlem—m: OHAATH TOYKM pPO3PUBY, & TAKOXK TOYKH YCYBHOIO DO3pUBY (YHKI JBOX

3MIHHUX:
X5
1) 2=—F—;
) X4 + y4
1
2) 2=

cos? X+cos’y
. X . . .o
Pose'asyeanns. 1. Oyukuis Z=———7 B Touni (0,0) He icHye, TOMy BOHa Mae B Iiif
X +y
5

TOYL po3puB. 3Haknemo rpanuo lim——.
o0 X' 4y
y—>!

s 6yne-sikoro € >0 icHye 6 >0, Take 110 I BCIX TOYOK (X, y) , SIK1 3a7J0BOJILHAIOTH

YMOBY +/X* +Yy® <& iBiIMiHHI Bil MOYaTKy KOOPAMHAT, BUKOHYEThCA HEPIBHICTh

X4
=——— X <] <X +y* <e.

X +Yy

X5

2 0
x'+y*

. X . . . . iy
Orxe, lim———=0 i ¢pynkuis mae B Touni (0,0) ycyBnuit pospus, sxmo z=0 y miif
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1

2. OyHKIiA I=—F——
COS™ X+COos™ Yy

. T
HE icHye, AKImoO COS® X+C0s’y =0, T06T0 X = > + 7Kk,

y=%+7zn, k,neZ.

. . 1
Tomy BoHa Mae po3puBH. 3HalaeMO rpanuio lim —————— =400,

Tk cos® X +C0s? y

y—>Z4mn
2

. 1 (T o
Omxe, QpyHKIiS ————————— Ma€ B TOYLi | —, — | HEYCYBHHUI PO3DHB.
COS” X+C0S” Y 2 2

4.1.7. HenepepBHicTh cKJIajeHOI (cKaaaH0I) PyHKIII ABOX 3MIHHUX.

O3nauennsn. Hexait ¢pynaknis z = f(u,v) Bu3HaueHa Ha MHOXWHI E, a 3MiHHI U 1V, y
CBOIO Uepry, 3ajieXaTh BiJ 3MIHHHX X 1 ). U=U(X,Y), V=V(X,y), npuuomy oOHaBI (QyHKIii
u(x,y) ta v(x,y) BusHaueHi Ha MHOXUHI D. Skmo ams Oyae-sakoro (X,Y) € D icHye 3HaueHHS
(u,v) e E (puc. 5.8), To TOBOPATH, IO HA MHOXHWHI GU3HAUEHO CKIAOEH) (CKIAOHY) (PYHKYIIO

z=f(u,v), e u=u(x, y), v=Vv(X, Yy); U, V— IpOMDiXHI, X, y— HE3JICXKHI 3MIHHI.

XS P

Puc. 4.8

e Dynxuia z= ud+v: e u =sin? (X+ yz), v =cos” (X2 + yz). Lle ckmanena GyHKITiA,
AKa BU3HAYEHA HAa KOOPMHATHIH miomuHi. 11 MokHa 3amucaTy y BUTISi

z=sin®(x+y*)+cos? (x* +y°).

Teopema. Hexaii na MHoxwuHI D Bu3HaueHo ckimageHy O¢yHkiiio z= f (u,v) , €
u :u(x, y), V:V(X, y) 1 Hexail QyHKIii u(x, y), V(X, y) HEIepepBHi B TOYIIL (XO, yo)e D,a
bynxiis f (u,v) HerepepBHa B TOYIT (uo,vo), ae U, = u(XO, yo), v, =V(X0, yo) . Toni cknanena
bynkiis z = f (u(x, y), V(X, y)) HelepepBHa B TOYIII (XO, yo).

Josedenns. 3a ymoBoro Teopemu ¢yHkiis z= f(u,v) HemepepBHa. 3a O3HAUCHHSIM

HenepepBHocTi (GyHkuii B Touni (Uy,V,) Bi3bMeMo NoBiIbHE yncio £ >0, Toai icHye Take o >0

, 1110 3 HEPIBHOCTI

JU—U )2 +(v—v,)? <6 (4.3)
BUIUIMBA€E HEPIBHICTh

| (U, V)= Uy, V)| <&
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Amnanoriuno, ¢gyskuii U=uU(x,y) i Vv=V(X,Yy) 3a yMOBOIO TEOpEMH HENEPEPBHi, TOMY

icHytoth Taki 6, >0 1 J, >0, mo 3 HepiBHOCTEMH

JOXPH(Y=Yo)? <6 1 (X=X )2 +(Y—Y,)? <6,

BUIUIMBAIOTH HEPIBHOCTI

o
IU(X,y)—U(&pyoN<<:E;- (4.4)
5 (4.5)
|V(X, y) _V(XO’ yo)| < E .
Hexait 6° =min(¢,,d,) . Toxi 3 HepiBHOCTI

JOX=%)2 +(y = yo) <8° (4.6)

nicranemo HepiBHOCTI (4.4) 1 (4.5).

3 ypaxyBaHHsIM HepiBHOCTeH (4.4) 1 (4.5) s HepiBHOCTI (4.3) 3anmmiemo:

\/(u —U,)* +(V-V,)* < \/(%T +(%T =0.

OTxe, SIKIIO BUKOHYEThCS HEPIiBHICTH (5.6), Maemo
| f (U(X1 y)! V(X1 y)) —f (U(XO’ yo)! V(XO' yO))| <¢&,
a 1e o3Hayvae, mo cknajgena pynkuist z = f(u(X,y), v(x, y)) HenepepBHa B Touwi (X, Y,). ¢

4.1.8. BaacTuBocTi HenepepBHOI (PYHKIiT 1BOX 3MiHHHUX.

Teopema. fAxuio ¢yHKIis HEMEpepBHA B TOYIl, TO BOHA 0OMEXEHA JIEIKHUM OKOJIOM IIi€l
TOYKH.

Teopema. Skmo dyHKIii f(x, y) Ta g(X, y) HEenepepBHI B TOUIII (Xo,yo), TO B Iii
TOoUIli OyAyTh HETIEPEPBHUMHU QYHKITIT:

1) f(xy)£9(xy);

2) f(xy)g(xy);

3) f(xy)/9(xy) mpu g(X, Y,)=0.

Teopema. Sxmo QyHkiis f(x, y) HelepepBHAa Ha 3aMKHEHIM MHOXHWHI, TO BOHA
oOMexxeHa Ha 11 MHOKHUHI.

Teopema (npo HyJb HenepepBHOiI pynkiii). Hexait dpynkiis f (X, y) HEIlepepBHa Ha

3B’s13HIM MHOUHI D 1 HaOyBae y n1Box Toukax A 1 B 11i€i MHOKUHM 3HaY€Hb PI3HUX 3HaKiB. Tosi
y MHOUHI D 3HaiifeTscs Taka Touka, 10 B Hil (PyHKIIiS TepeTBOPIOETHCS HA HYIIb.
Hogedenns. [loOynyemo Ha 3BeIeHH1 10 BUNAAKY (QYHKIIT O/1HIET HE3alIeKHOT 3MIHHOT.
Ockinpku obnacte D3B’43Ha, Toukn M, Ta M; MOXXHa CIOJIYYuTH JaMaHOIO, yCi TOUYKH

akoi jexaTth y D. fIkmo nmoctynoBo mepeOupaTH BEpIIMHU JamaHoi, To abo 3’sCcyeThes, 10 B
NesKii 13 HUX (QYHKI[IS IEPEeTBOPIOETHCS HA HYIb — 1 TOJI TEOpPEMY JIOBEAEHO, a00 LbOTO HE
Oyne. B ocraHHbOMy BHIAIKy 3HAWJETbCA Taka JIaHKAa JIaMaHOi, Ha KIHIX sSKoi (yHKIIis
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HaOyBa€ 3Ha4YeHb PI3HUX 3HAKIB. 3aMIHMBIIM NO3HAYEHHs TOYOK, BBakarumemo, mo M, i M,

came 1 € KiHIIMU 1i€T1 TaHKU. [T pIBHSAHHS MatOTh BUTJISII;

X=X, +t(X —X,), y = Yo +t(Y; = Yo)-
(0<t<1)

SAxmo touka M (X,Y) pyxaeTbcs B3JIOBXK IIi€i cTOpoHH, TO movatkoBa Gy f (X, Y)

MEPETBOPIOETHCS HA CKIIAZCHY (QYHKIIIFO OJIHIET 3MIHHO] t:
F (1) = 06 106 =%) Yo +1(¥1=Yo)) (0<t<1),
OYEBHJIHO, HETIEPEPBHY 3a TeopeMoro 1.6 3 oriisiay Ha HenepepBHICTh sk GyHkmil f (X, y), Tak i
TMHIMHUX QYHKIIN Bif t, TJICTABICHUX 3aMICTh ii aprymeHTiB. Ane s F(t) maemo:
FO)=f(%.¥) <0,  F@®=f(x,y)>0.

3acrocoBytoun 10 Gyskmii F(t) omniel 3MiHHOT TOBeNeHY U OJHOBUMIPHOTO BUIIAJIKY
aHaJNOTTYHy TeopeMy maemo, mo F(t') =0 npu aeskomy 3HauenHi t' mix 0 ta 1. Toxai 3rimHO 3
o3HaueHHsM (yHKIii F(t) Moxxemo 3anucaru:

f (Xo +t’(X1 - Xo)' Yo +t'(y1 - yo)) =0.
Touka M'(X',y'), me X' =X, +t'(X, —%,), ¥ =Y, +t'(Y,—V,), 1€ mykaHowo .
Teopema (mpo mnpomixkHe, a0do cepeane 3HauvenHs1). Hexait ¢ynxmis f (X, y)

HernepepBHa Ha 3B’s13HIM MHOkUHI D #1 y 1BoX Oynb-gKkuXx Toukax 4 Ta B 1i€l MHOKHWHU HaOyBae
HepiBHux 3HayeHb f(A) i f(B). Toxi Ha 1iii MHOXXHHI BOHA HAOyBa€ NESIKOTO 3HAYCHHS M, sike

nexuts Mk f(A) i f(B), To0T0 icHye Taka Touka (X,,Y,) €D, mo f(X,,Y,) =M.

Jloseoenns ananoriune noBeAeHHIO Teopemu Komri myst GyHKITIT 0HIET 3MIHHOT.
4.1.9. PiBHOMipHa HenepepBHICTb.

Harapnaemo, mo nenepepsHicts Gynkuii f (X, y) y neBHiii Toumi (X,,Y,) MHOXHHU M, 1ne
byHKIIO 331aH0, MU c(HOPMYJIIOBAIN TakK: s Oyab-sakoro & >0 Mae icHyBatu Take O >0, 110
HEpIBHICTh

£ Y) — F (%, o) <2

BUKOHYETBCS ISl Oyab-sK01 ToukH (X, Y) €M, sika mepeOyBae B &-okouti TOUkU (X, Y,) :

\/(x—x0)2+(y—yo)2 <0.

Hexait dynkimis f(x,y) HemepepBHa B yciii MHOuHI M. Toni mocrae 3anuTaHHS: YU

MOYHa 3a TaHuM & >0 3Haiiti Take O >0, sKe rogusocst 6 — y 3a3HAYCHOMY PO3YMIHHI — ISt
BCiX TOUOK (X,,Y,) 3 M oaHo4acHO? SIKIIO 1€ MOXJMBO (IIpH OYy/Ab-SIKOMY & ), TOJIi TOBOPSTH,
mo ¢yukuis f(X,Y) B M pisnomipno nenepepsna.

Teopema. Skmo ¢ynkmis f(X,y) HemepepBHa B oOMexeHiil 3amkHeHii obnacti D, To

BOHa i piBHOMIPHO HemepepBHa BD.
Josedennsa (Big cympoTtuBHOro). [IpumycTumo, mo a1 Ieskoro uucia ¢ >0 He icHye

yucna 0 >0, sike roguiocs 6 0JHOYACHO TS BCiX TOYOK (X,, Y,) obmacti D .

Bi3bMeMO HOCTIIOBHICT JOJATHUX YUCEI, L0 IPSIMY€E 10 HYIIS:
0,>0,>..>0,>..>0, 6, —>0.
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Ockinbku KOJHE 3 4Yuceld O, HE MOXE TOJUTHCS — Yy 3a3Ha4€HOMY pPO3YMIHHI —
OJIHOYACHO ISl BCIX TOYOK (X, Y,) ob6macti D, To mmsa koxnoro ¢, 3Haiizerscs B D Taka
KOHKpeTHa To4ka (X.,Y,), W1k aKkoi O, He roguthes. Lle o3nauae, mo B D icHye Touka (X/,Y,),
Taka, 10 BUKOHYIOTHCS HEPIBHOCTI

X =X <8y, |Yh— Vo <8,
a, BOJTHOYAC, 1 HEPIBHICTH
[F06¥2) = f (%, ¥0)| 2 6 (4.7)

3 oOMeskeHoi moctinoBHOCTI TOUOK {(X,,Y,)}, 3a Teopemoro Bomsiano-Beiiepmrpacca,
BUIyYMMO TaKy 4acTMHHY nocmigosuicts{(X, ,Y,)}, mo X, —X, y, —Y, npuiomy
rpann4Ha Touka (X,y) 000B’s13k0BO HaIekKHUTH 00sacTi D (3rigHo 3 ii 3aMKHEHICTIO).

Jani gicraemo:

!
Mk

X

— Xnk

<Oy

yr'1k - ynk < 5nk :

npHYOMY 3i 3pocTanHsaM K maemo: N, —+o0 i 5, — 0. Tomy
Xo, ~X», >0, ¥, =Y, =0,
a, OTXKeE,
Xy =X, YooV,
3 orsay Ha HemnepepBHICTh GyHkiii f(X,y) B Toum (X,Y), mo HauexuTh obmactiD,
MarOTh OJITHOYACHO BUKOHYBATHCS TaKi CIIBBIHOIIICHHS:
f(X, . ¥ ) = F(X,Y),
fx. y,) — F(X.Y),
3BIIKA
f (X, Ya )= F (X, ¥,) >0,

a e cyrnepeunts HepiBHOCTI (5.7). ¢
4.2. IndepenuiiioBHicTb GPYHKUIII ABOX 3MiHHHX.

4.2.1. YacTunHi Ta noBHi npupoctu GyHKUii 1BOX 3MiHHUX.

Yot Ay
Yo

0 Xo Xo+AX X

Puc. 4.9
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Hexait dynkiis z=f (X, y) Bu3HaueHa B JeskoMy okoii Touku P (X, Y,). Hamamo
HE3QICKHUM 3MiHHEM X Ta ) NPHPOCTiB Ax i Ay Tak, mo6 Touka P(X,+AX, Yy,+Ay) He

BHXOJIIUIA 32 MEXKi 3a3HaueHoro okony. Toxi it Toukn K (X, +AX, Y,), M (X, Y,+Ay) Takox
NOTPAILIATH Y Lei okin (puc. 4.9).

Osnauennsn. Pizuuigo f (XO +AX, Y, +Ay)— f (XO, yo) Ha3UBAKOTb NOBHUM NPUPOCIOM
hymiyii 3a x ma ynpu mepexomi Bix Toukn (X,, Y, ) A0 ToukH (X, +AX, Y,+Ay) ino3HadanTh
Az. Pisaumo f (X, +AX, Yy)—f (X, Yy) HasuBawore wacmumnum npupocmom 3a X (GyHKuii
z=1(x, y), a pismmmo f(X,, Y, +Ay)—f (X, Y,)— wacmumnum npupocmom 3a y uiei
¢ynxuii. [To3HaYaroTh 1l IPUPOCTH BIAMOBITHO A,z 1 A z. OTKe,

Az =f (X +AX, Yo+AY)— (X Yo);

Az=1(%+A% ¥o)—f (%, Yo);

Ayz= (X Yo+AY)—f (X Yo)-

3aysasicenna. AHaIOTIYHO BU3HAYAIOTHCSA MPUPOCTU (DYHKIIT OUTBII HIK ABOX 3MIHHUX.

4.2.2. YacTuHHi MOXiAHI ABOX 3MiHHMX.

Hexait gynkuis z = f(X, y)3amana B neskomy okosti Touku (X,, Y, ).

N
3
>

z=1(xy)

/

\\\\\WE

N\
Y

/M% > Y

(%o, Yo)  (Xo, Yo+Ay)

Xg — CTajia

Puc. 4.10

O3nauenna. SIK110 iICHYIOTh CKIHUEHHI IPAHUILI
AT f(x, +A%, ¥o)— (X, ¥o)

im —= :
AX—0 AX AX—0 AX

. . fx,, +Ay)— f(Xx,,

im A2 jim o Yo +4Y)= F(%, ¥o)
Ay—0 Ay Ay—0 Ay
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TO iX HA3MBAKOTH vacmunnumu noxionumu Gynkuii z = f(X, y) y touui (x,, y,) Bianosimxo 3a

o (X0, ¥o) (X, ¥o)

3MIHHHMH X i) Ta MO3HAYAIOT: Y a6o f/(X,, ¥o): fy(X,, ¥o) abo D, T,

D, f. (CumBon «O» - Tak 3BaHe «J1€» KPYTJIE - BIIEPIIE 3aCTOCYBaB SIk00i).

4.2.3. lloBHmii mu¢pepeniian GpyHkuii 1BOX 3MiHHHX.

O3nauennn. Oyskuisa Z = f(x, y) HA3UBAETHCS Quchepenyitiosnoro 6 mouyi(X,, Y, ), SIKIIIO
ii MOBHUH NpUpICT AZ MOKHA OAATH Y BUTTISIL:
Az = AAX+ BAY + aAX + SAY,
ne A, B- neski uncna; ¢, - HeckindeHHo Maii mpu AX — 0, Ay — 0. ['onoBHa miHiiiHA YacTUHA
npupocty (yHkiii, Tooto AAX+ BAyY, HazuBaeThCcs noguum ougepenyianom @yHkyii(TOUHIIIE
-nepuum ougpepenyiarom) 7= f(X, y) y Touni (X,, Y, ); nosnauaersest df (x,, y,) abo dz.

TaxkuM 9HHOM,

dz = AAx+ BAy. (4.8)

Jugepenyianom nezanexcHoi 3minHoi X abo )y HA3WBAIOTh 1l MPHUPICT, TOOTO 3a
O3HaueHHAM O0epyTh OX =AX, dy = Ay.

Skmo ¢yukuis f qudepenniiioBna B KoxkHiM Touni Mmaoxuan D R? , TO T Ha3UBaIOTH
oughepenyitiosHow Ha MHo*CuHi D.

OTxe, y KOXKHIN TOYI, 16 BUKOHYEThCS PIBHICTH (4.2.1), moBHuUil nudepeniian GyHKIii
z=f (X, y) 00YHCITIOETHCS 32 (OPMYIIOIO

of of
df =—dx+—dy.
o oy y (4.9)

Teopema. Skmo QyHkmis z= f(X, y) mudepeHliioBHa B TOYIl (XO, yo) 1
dz = Adx+ By, To B Touni (XO, yo) ICHYIOTh YaCTUHHI MOXIH1

O (Xor Yo) _p (%6, )

OX oy
Jlosedenns. 3a ozHaueHHSIM nudepeHIiiioBHOT GyHKIIT Z = f(x, y) MaeMoO:
Az = AAX + BAY + aAX + SAY. (4.10)

Vaspmm y (4.10) Ay =0 (Ax=0), aicranemo AXZ(Ay (Z)):

sz:gAx+an Az:gAx+ﬂAy :
OX dy

3Biacu

Iim =2X—=A= Y
A0 Ay ay

Ax—=0 AX
. . . . iy . 2
Skmo yactuHHi moxigHi ¢yHkmii f icHyoTh y KoOXHIM Touni mHOXkMHM D cC R®, To
TOBOPATD, 0 PYHKYIA [ mae wacmunni noxioni na muoxcuni D.

Az A af(xg)!( yo) (hm AyZ_B:af(XO’ yO)J.

AHANOTIYHO BU3HAYAIOTH 1 MO3HAYAIOTh YaCTUHHI MOX1IHI TPHOX 1 OIbIIIE 3MIHHUX.
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4.2.4. YacrunHi noxigHi Ta noBHuii Audepennian pyHkuii N-3MiHHUX.

O3nauenna. SIK1o icHy€e CKIHUEHHA TPAHUIISA

im F(Xyy s X F Ay ooy X )= (X, ooy Xy ooy X))
Ax —0 Axk ’
TO ii Ha3UBAIOTh YACMUHHOK NOXIOHOW QYHKYIL [y moqui(xl, Xoy ey Xn) 3a 3MIHHOI0O X, 1
of (X, X,y <oty X '
M03HAYAIOTh ( L T2 ") abo f (X, X5, oy X )
8X X 1 2 n
k
.. of .
IMoximui —, k=1, 2, ..., N, HA3MBAIOTH NOXIOHUMU NEPULO2O NOPAOKY.

Xy

Ilpasuno 3naxo0xcennsa YaCMUHHUX ROXIOHUX NEPULO20 NOPAOKY .

Jlis oOuMcineHHs YacTUHHOI MOXIAHOL x 3BUYAlHO KOPUCTYIOTHCSI BIJOMHMH
X
k

dbopmynamu 1 mpaBwiIaMu AudepeHIitoBanHs QYHKI[IT 0JH1€T 3MIHHO1, BBa)KalOUu BCl 3MIHHI,
KpIM Xk, CTAJIUMU.

Fplem=m: 3HANTH YacTHHHI MOXinHi GyHKIii Z = X+ y° +In (2X +y? )
Pos36’si3ysanns. dynkiis BU3HAYeHa B 06macTi Y’ > —2X. Bpakaouu, 110

Yy CTajic, 3HaX0ANMMO

g:1+% 2, y’>-2x.
OX 2x+Y
BBakarouu, 1110 x cTaje, 3HaX0MMO
g=3y2+#2 2y,  y?>-2x.
oy 2x+Yy

Nplmmem JHAHTH YaCTHHHI NOXinHi QyHKUIT U = X%y +sin (ax +by + CZ)+ tgz.

Poseé’azysannsa. Beaxaroun, mo Y =CONst , Z = const , 3HaxouMo
ou
o -2+ cos(ax + by +cz)a.
X

BBakarouu, mo X =const, z =const , 3Haxoaumo

N _ ey cos(ax + by +cz)b.

Baskarouu, 1m0 X = const, y = const , 3maxoaumo

ou
— =cos(ax + by +cz)c + ——5—.
oz cos” z
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TI'eomempuuna inmepnpemayis 4acmuHHUX ROXIOHUX.
B

A

Puc. 4.11

IMpoenemo twrommay EFGH gepe3 Touky P(a, b) JAaHOT TIOBEPXH1 TMapajieIbHO
rromuHi Y0Z. PiBHSHHSA 1i€T TUTOIIIMHA
x=a.
OTtxe, piBHSIHHS KpUBOi, yrBopeHoi B nepepizi JPK, Oyze
z=f(a y),
of (x, y)

skio EF posrmsanaty sk Bick Z, a EH- sk Bick Y. VY il IIonmHi ———— 03HA4ae Te came, 110

8_2, a Tomy a =tg LZMTP.
oy oy

. 0z ) . .
OT)I(C, YaCTUHHA MMOX1/IHA 8_ IIOplBHIOC TaHreHcy KyTa HaXI/I.IIy 10 0Cl1 y, JOTUYHO1 10

nepepiszy JK'y Touui P.
Amnajoriuyno, skmo mpoBectr IonuHy BCD uyepe3 P mapanenbHo momuui X0z, i
pIBHSIHHS OyJie

y=b,
) ) ) ) of (%, y) . oz )
1 B IJNIOIIHHI1 IIEPECP13y DPl YaCTHUHHaA I10X11Ha 8— O3Ha4YaTuUMCE€ TC CaM€, IO U & . 3B1,I[CI/I
X
a_ tg ZMSP.
OX

. 0z ; . .
OT)Ke, JaCcTHHHA MOoX1/JIHa 6_ IlOplBHIOC TaHFEHcy KyTa Haxnny a0 0C1 X,A0TUYHO1 10
X

nepepisy DJ B Touui P.
JUis moBHOoro audepenniana ¢opmyna (5.2.2)y3arajJbHIOETbCS Ha BHUIAJIOK

nudepeniiiioBHoi GyHKIIIT N 3MIHHUX f(xl, Xy, veny Xn):
of of of
df =—dx, +—adx, +...+—dx_.
ox, 1 ox, 2 ox n (4.12)

3Haiitu df, gxmo f = X+;
I — b ' X3 y3 '
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) . of of of
Po3B’a3yBanHs. 3HaiieMO CIIOYaTKy — , —

ox oy o

i:1+z —;2 3x%;
X (x3+y3)
izz - 1 > 3y2;
oy (x3+y3)
a1
oz xP+y*
3BijicH JiCTaHEMO:

2 2

dx=|1- 3z > |dx— 3y'z 2der%dz.
(x3+y3) (x3+y3) X" +y

Bnacmueocmi noenozo oughepenyiana.

Jlns  Gymb-sikux ubepeHiHoBHuX  QYHKIIH  U(X,, Xy ooy X, ), VX, Xy, wos X,)
CIPaBIKYIOTbCS PIBHOCTI:
d(au+ pv)=adu+ Bdv, ne , f- crani; (4.12)

d(uv)=vdu+udv;

d(gj:vdu—zudv 0.
v

v
BaacruBicty iHBapianTHOCTI dopMu moBHoro audepenmiana: Dopmyna (4.11)
BUKOHYETHCS HE JIMIIC TOMI, KOJM X Ta - HE3aJeKHI 3MIHHI, @ ¥ TOMI, KOJU X 1 y €

mudepeHIIHOBHUMHU (QYHKITIIMUA Oy/Ib-SIKUX 3MIHHUX.
4.2.5. loctaTHsi yMoBa audepenuiiioBanocti pyHkirii 1BOX 3MiHHHX Yy TOYIILi.

Jnst ¢yskmii  oxHiel 3MiHHOT auEpeHIIHOBHICT, Ta ICHYBaHHS IOXITHOT €
PIBHOCWJIBHUMHU TBEPKEHHAMU. Y pa3i (QyHKIii OaraTbox 3MIHHHUX MAa€EMO IHIIE: ICHYBaHHS
YaCTUHHUX TMOXIIHUX - HEOOXiJHa, ane He JOocTaTHS yMmoBa audepeHIifoBHOCTI (QyHKIII B
toumi. Hanpukunan, st gyskiii

xy  (x y)=(0, 0);
2=1(x y)=1x2+y?’
0. (x y)=(00

. 0z 0z . .

y Toull (0, 0) MaeMo: P =0, ~ " 0. IIpoTe us ¢yHKIIS pO3pUBHA B TOUL (O, O), a TOMy
X y

BOHa He Moxe OyTu nudepeHIiiioBHOIO B 1ii Touri. OTxe, 1 TudepeHIiHoBHOCTI QYHKIIT

Z= f(X, y) y TOYII1 (xo, yo) HE JOCTaTHhO CAMOTO JIUIIIE ICHYBaHHS YaCTUHHUX MOXimHuX. s

TuQepeHIiHOBHOCTI TOBOAUTHCS JOAATKOBO BUMAraTH HEMEPEPBHOCTI YACTUHHUX MOXITHUX, K

11 BUIUTMBAE 3 MOJAHO1 1Tl TEOPEMH.
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Teopema. Skmo GyHKIIS Z = f(x, y) y IeIKOMY OKOJIi TOUKH (XO, Y, ) Mae HemepepBHi
YaCTUHHI MOXI/IH1, TO BOHA AM(epeHLiiioBHA B IIil TOYII.

Josedenns. Posrnsmemo B koopamHaTHii rmommui  x0y  Touku P(X,, Y,),
Q(X, +AX, ¥o) 1 R(x, +AX, y, +Ay) (puc. 4.12).

Hexait yacTuHHI MOXiAHI BU3HAYEHI B JESIKOMY &£-OKOJi TOYkd P i Touka R Hamexurtsb
naHoMy okoury. OCKUTbKM &£-OKUT TOUKH P- I Kpyr paaiycoM € i3 LeHTpoM y Touui P, To
Biapizku PQ i QR minkom HajexaTh mboMy okosry. Omke, (QyHKIIis f(X, y) BH3HAUCHA Ha

Biapizkax PQ i QR.

Puc. 4.12

[Togamo moBHMI MPUPICT PYHKLIT Z = f(X, y) y TOYIIi (xo, yo) y BUIJISI1
Az = f(xo +AX, Y, +Ay)_ f(xo’ yo):
= (f(xo +AX, Y, +Ay)_ f (Xo +AX, yo))+(f (Xo +AX, yo)_ f (XO1 YO))-

Ha Bigpizky PQ 3MiHHa y Mae cTasne 3HaueHHs Y = Y,, TOMY (QYHKI[is f(x, y) Ha I[bOMY

(4.13)

BiIpI3KY € (GyHKIi€ OaHiel 3MiHHOTI Xx. 3acrocoByroun (opmyny Jlarpanka mpo cepemHe
3HAYCHHS, JICTAEMO:
f(X0+AX1 yo)_f(xo’ yo)z fx,(é J’O)AX (4.14)
JUIsL ISTKOTO 3HAYCHHsS & 3 IHTEpBaly (XO, Xo +Ax). AmnanoriyHo, Ha Biapisky QR dynkiisa
f (X, y) sanexuth e Bif y. Tomy Ha npomikky (Y,, Y, +Ay) 3Ha#IETbCS TOUKa 77, VISt AKOT
F(xo + A%, Yo +Ay)— f (X + A% yo)= f;(Ax+x,, 7)Ay (4.15)
3rigno 3 (4.14) 1 (4.15) 3anumemo dopmyny (6.13) y Bursiai:
Az = f)(&, yo)Ax+ /(x, +Ax, 7)Ay.
3Biacu
Az = (1%, Yo)+ £(& o) = F(%0, ¥o))Ax+
(500 Yo)+ 1) (v +A%, 7)= 1)(x0, o)Ay =
=, (Xor ¥o)AX+ f](Xo, Yo)AY +aAX+ BAY = dz + aAX + SAY,
e a= (& yo)—f.(%, Vo), B= fy'(AX"'Xo’ n)- fy’(xo’ Yo)-
OueBuaHO, 1m0 mpu AX —>0 i Ay -0 touku A i B npsamyioth a0 Touku P. YacTuHHI
noxigHi HerepepsHi, Tomy @ = 0, f — 0, ko AX — 0, Ay — 0.

Pazom 3 o Ta B mpsimye 10 HY/Is 1 BeIMYUHA
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alX + PAY

(A0 +(ay)
Tomy 3 piBHOCTI
Az=dz+ (Zi))(; (iy)z V(AxX) +(Ay) =dz+ep
+ay

BUIUIMBAE TU(EPEHIIHOBHICTh PYHKIIT Z = f(x, y) y Touti (X, Y, )-
4.2.6. IndepenuiroBanns ckiiageHoi GpyHkuii.

Teopema. Hexaii Ha MHOXUMHI D BH3HaueHO CcKkiIaeHy QYHKIIO Z= f(u, V), zie
u:u(x, y), V:V(X, y), 1 Hexal (yHKIIIT u(x, y),V(X, y) MalTh y JEIKOMY OKOJIi TOUYKH
(X, yo)e D HemepepBHI YaCTUHHI MOXIAHI, a (QYHKIiS f(u, v) Ma€e HemepepBHI YaCTHUHHI
NoXifiHi B JeskoMy okoli Toukd (Uy, Vy), 1€ Uy =U(X,, Yo), Ve =V(Xy, Y,). Toai ckianena
byHKLIA Z = f(u(x, y), V(X, y)) TudepeHIiiioBHa B TOYII (XO, yo), IPUIOMY

G _otou o,
OX ou ox v ox’
@_aou o @17)

(4.16)

Jlosedennsa. 3a ymoBOIO TeopeMHu (PyHKIIi U :u(x, y) 1 V:V(X, y)MaIOTB HeTlepepBHi
YAaCTUHHI MOX1JIHI B IEIKOMY OKOJI1 TOUKH (xo, yo). Tomy 3a Teopemoro BoHH Tu(epeHIiioBHI B
Toutti (X,, Y, ):

ou ou

AU = — AX+ —AY + o, AX + [, Ay,
P Y y + o AX+ S AY

Av = @Ax +@Ay + o, AX+ B,AY,
ox oy

ne a,, a,, p, B, > npu Ax—0, Ay = 0.
Hanasium npupocTiB Juiie apryMeHTy X, TiCTaHEMO

A= Z—UAX + o, AX,
X (4.18)

X

AV = @AxmzAx,
OX

ne a,, o, >0 mpu Ax, Ay = 0.
3HaiiieMo npupicT QyHKUil Z = f(x, y) 3a x. 3a yMOBOIO TeopeMH (yHKLIA Z = f(u, V)
Mae HemepepBHI YACTUHHI TMOXiJAHI B JESIKOMY OKOJi TOYKHU (uo, vo), a TOMy BOHa

nudepeHIiioBHa B 11l TOYIIL:

sz:gAxu +@Axv+aAXu+ﬂAxv. (4.19)
ou ov

[TigcraBnsroun y (4.19) piBHocrti (4.18), mictaemo:
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szzg a_qu+ale +6—Z @AX+0£2AX +a a—qu+ocle +
ou \ ox ov \ Ox OX

+ﬁ(@Ax+a2ij = (@8—u+@@ij+yAx,
OX ou OX OV OX
ne
y:2a1+ga2 +0¢a—u+05051 +ﬁ@+ﬂaz-
ou ov OX OX

HECKIHUEHHO MaJia BeIMYrHa Tpu AX — 0.
Toni
Az 0Oz ou 0Oz ov
im = —.
&0 A7 0U OX OV OX
JudepenuinioBHicTh (QyHKUIT Z = f(u(x, y), V(X, y)) BUIIJIMBAE 3 HENEPEPBHOCTI
07 . oz

YACTUHHUX ITOXITHUX 6_ 1i—

Xy

Filescm: 3Haiity f, 1 fy' 1St pyHKITIT f(u, V),S[KHIO u =Xy, sz.
Yy

Pose’sizyeanns. 3a popmynamu (4.16) i (4.17) maemo:

= U+ £V = £ (xy), + fv'(ﬁj Sy
y y

fy=fu, +f/v = fu'(xy)’y + fv’(f] - f, x+ f,x (—iz}
Yy y

Fpescm: 3HaiiTu noBHMU judepeHmian ¢QyHKUIT @, AKIO @ = f(u, V), u=y/ (X+ y),
v=x> -y

Poses azyeanna. Jlicraemo:

dgo=fu'du+fv’dv=fu'd( Y J+fv’d(x2—y2): fu’(x+y)dy_yci(x+y)+fv’-(dxz—dy2)=
X+Yy (x+vy)

xdy — ydx

=f’
T (x+y)

+ f/-(2xdx— 2ydy).

4.2.7. Iloxinna 3a HanpsimoMm. ['paaienT.

O3nauennsa. Hexaitl pynkuia z = f(x, y) BU3HAUCHA B JIEIKOMY OKOJIl TOUKU Py (XO, yo); I-
NeSKUN MPOMIHb 3 TIOYaTKOM Yy TOYII (xo, yo); P(X, y)- TOYKA Ha IbOMY TIPOMEHI, SIKa HAJICKUTh
OKOJTy ~ TOYKH (xo, yo) (puc. 5.13); Al- nomxunHa Bigpiska PyP. Sfkmo icHye

lim f(X, y)_f(XO’ yO)
Al>0 Al

, TO 111 TPaHUII HA3UBAETLCS NOXIOHOI0 PYHKYII Z = f(X, y)3a HanpsmMom

) 0z
[y mouyi P, (XO, y0)1n03HaqaeTLcsi a
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0z . ) 0z )
3okpema, 6_ - moxigHa QyHKIIT Z = f(x, y) 3a JOJAaTHUM HapsMOM OCl X, a 0— - IOX11Ha
X Yy

¢bynkuii z = f (X, y) 3a JIOIATHUM HAIPsIMOM OCi ).
y A

Y

Yo

\ 4

Puc. 4.13

) 0z ) ) )
[ToxinHa 3a HanpsIMOM a XapakTepHu3ye MBUIKICTh 3MIHU QYHKLIT Z = f(X, y) Yy TOYI1

P,(X,, Y,) 32 HampsimoM |.

Teopema. Skmo ¢ynxuis z=f(X, y) mae B Touni P,(X,,y,) HemepepBHi wacThumi

o . . . oz
MOX1JH1, TO B II1M TOYII1 ICHY€E ITOX11Ha a 3a Oyab-IKUM HarpsiMoM | = (COS o, COS ,B), IpUYIOMY

a_& cosa + a cos B
i o, cosh (4.20)
oz| . oz . :
ne —| 1 —| -3HAYEHHs YACTMHHHX MOXimHUX y Tourti P, (X, V,)-
OX|p Oy s

Jloeoenns. 3a yMOBOIO TeopeMu (PyHKIIS Z = f(X, y) Ma€ B TOYII1 (XO, yo) HernepepBHi

YaCTUHHI MOX1H1, TOMY BOHA IudepeH1iioBHA B 1 TOYIII:
oz oz
AZ = — AX+—Ay + y, AX + 7, Ay,
OX oy

ne y,, ¥,- HeckinueHHo Maii Benuunau ipu AX — 0, Ay — 0. Tonxi
Az 07 AX 07 Ay AX AX
T T ot Tt
Al ox Al oy Al Al Al
I3 TpukyrHuka P PK (puc. 4.13) maemo:

&=c03a, %zsina:cosﬂ.

Al
3Biacu
E—@cowwgcosﬂjt cosSa + y, COS B
Al ox oy 7 F2 B
Skmo Al -0, 10 AXx—0, Ay >0, ao0mke y, >0, 7, > 0. 3Bixcu
g:Iim flxg + 4% Yo +4y)= (%, yO):g c05a+@ cos 3.
ol Al—0 Al P, s
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Eplem=m: OHAWTH nNOXigHy QyHKHii U= XSin (X+ y) y TOuIll M(l, ) 32 HANpsSMOM

Cid
V2' V2 )

Po3B’a3yBaHHA. 3HalizeM0 Ta OOYMCIMMO YACTUHHI MOXimHI B TOYI (1, 1) byHKIIT
u=xsin(x+y):

au = (sin (x+y)+ xcos(x+y))|,, ,, =sin 2+cos2;
OX M 1) '

- (xcos(x+y))|, ,, =cos2.

Nl |

Toni 3a hopmynoro (5.2.13) maemo:
0z . 1 1 sin 2
— =(siNn2+c0s2)| ——— |+C0S2 —=——r.
o= )[ ﬁj VARG

0z 0z
O3nauenna. Bextop 3 KoopauHatamu | —| , —

oxy," oy
MaKCHMaJIbHOTO 3pOCTaHHsS QYHKUII Z = f(x, y) B Toumi P,(x,, yo), HA3UBAETHCS 2PAOiEHMOM
@yHryii 7= f(x, y)y il Toui i mosHavaerbes grad z:

grad z= a i+g

Xlp, 0y

], AKUM XapaKTepu3ye Hamnpsm
Po

I (4.21)
R

1€ i, - OMMHUYHI OPTH.
Fpiem=m: 3HaiiTu rpagient Gpynkuii f =yx’ y Touni M(Z, 1).

Po36’s3y6anns. 3anuiieMo Ta 00YMCIIMMO YaCTHHHI MOXiHI B Touri M (2, 1):

=y yxy’l"vI =2°=1;

Xy
S = +yx'hx)| =2+2h2.
Yy M
Tomi sriguo 3 (5.2.14) grad f =1 +(2+2In 2) J,abo grad f :(1, 2+2In 2).
AnanoriyHo  ans gudepeHuiiioBoi  GyHkuii  z = f(xl, Xy, veny xn) y  Toumi
2 (Xf XY, XS )noxidﬂa 3a Hanpsmom 00811bHO20 OOUHUYUHO20 eekmopa
1= (COS a,, Cosa,, ..., Cosan), ZCOS o, =1 nogaerses Tak:
k=
o & of
— =) — cosq,
ol k=1 OX



O3nauennsn.  [padieumom  Oughepenyitiosnoi  pymnxyii (Xl, Xyy ey Xn)y TOYII

N of
PO(Xlo, Xg, s Xr?) Ha3uBaoTh BekTop grad f =Z— i, k=12,..,n, nme i - oguHuuHi
= AN
0
OpTH, a 3HAUCHHS YaCTUHHUX MOXITHUX ——| OOYMCIICHI B TOYIII (Xl0 , Xg e Xr? )
OX, .
BuaacruBocri:
of
1. —=grad f-I.
ol

of
2. mlaxﬁz|grad f].

grad f

.0 "
3. dxmo grad f =0, to noxinna A J0csTae HaOLTBIIOTO 3HAUCHHSI ITPU I:| a1 .
gra

4.2.8. YactunHi noxiaHi i noBHi 1udepeHuianu BUIIMX MOPSAAKIB.

Hexait ¢pynkuis z = f(x, y) Ma€ YaCTHHHI MOX1JIHI B yCiX Toukax MHOMHU D. Bisbmemo

0z 0z

OyIlb-SIKy TOUKY (X, y)e D. Sxmo B miif TOUIl ICHYIOTh YaCTHHHI MOXiMHI — 1 —, TO BOHH

ox oy
3aJIeKaTh Bil X 1y, TOOTO BOHU € (QYHKIISIMU JBOX 3MIHHUX. OT)Ke, MOKHA CTaBUTH MTUTAHHS PO

BIIIIIYKaHHS X YaCTUHHUX MOXITHUX. SIKIIO BOHU iCHYIOTb, iX HA3WBAIOTh YACHMUHHUMU NOXIOHUMU
2

Opy2020 nops0Ky 1 TIO3HAYAIOTh BIMOBITHO PVl (uuTaEMoO: «Ie JBa 3€T IO JIe IKC KBajapar») abo
X

2 2 2

01
" == abo z2 abo Z;'y,

XX ! ayz yy !

YaCTUHHI MTOX1IHI TPETHOTO 1 BUIIIUX TMOPS/IKIB.

abo Z;X. AHAJIOTTYHO BU3HAYAKOTHCA 1 MO3HAYAIOTHCS

Hexait ¢ynkiis U= f(X,X,,...,X,) B OKkoJi Touku X, =(X10,X2,...,Xr?) Ma€ YaCTUHHY

. u
MOXIJHY NEPIIOTO HOPSAKY — .
k

) .. ou )
O3Hauemm. I'IEICTI/IHHy HOXLZ[Hy (bYHKI_Ill 8_ 3a 3MIHHOIO XI HA3UBAKOTb YaCMuUuHHOO
X
k
2

abo f”

XX

NOXIOHOI0 OpY2020 NOPAOKY 30 SMIHHUMU X, I X, 1103HAYAIOThH "
X, OX
10Xk

OT)Ke, 3a O3HAYCHHAM:
o’'u o ( ou
xx, 0% (X
U U

IMO3HA4Yar0Th 5
OX,0X,, OXy,

SAxmo | =k, noxiany

O3nauenna. Yacmuunoro noxionoro nopsaoky me N Ha3UBalOTb YACTHHHY IOXIAHY
MEPIIOTO NOPSIIKY 32 OyIb-SIKOI0 3MIHHOKO Bijl Oy/b-sK01 HOXiqHoi (M —1)-ro nopsaxy.
YacTuHHI NOX1/IHI 32 PI3HUMU 3MIHHUMHU Ha3UBAIOTh MIUUAHUMU YACMUHHUMU NOXIOHUMU.
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Teopema. fIxmro aBi MimaHi HOXiAHI MOPSAAKY M, IO BIAPI3HSAIOTHCS JIMIIE MOPSIKOM
nudepeHiitoBaHHs, HeTlepepBHi B AEsIKii TOUIl, TO X 3HAUSHHS B LIl TOYI 30iraloThCsl.

Fjiesem' JHAHTH 0’2 SKIIO Z = X° y4
i < o = .
oxoy?

3 2
Po3ze’sazyeannsa. Maemo: 0z 0 { 02 j: E[Q [gD =

oxoy*? :5

oxoy ) oy\ oy\ox
:g(g(szy“)J:2(12x2y3):36x2y2.
oy \ oy oy
o’z . 0%z
3Hait i ii z=cos(x*+y?).
Fplescm: 3HAUTH oxdy 1 oyx Jutst yHKIIT ( y )
aZ . 2 2 2 2 2
— =-2xsin|x“+y°), = —4XyCos|X* +
) X ( y)axay y ( y) 0%z 0’z
Po3zeé’sazyseanns. , = oxdy = GyGX'
@ = —2xsin (x2 + yz), oz :—4xycos(x2 + yz)
oy 0yox

O3nauennn. Jlugepenyianom o0Opyzoco nopsaoxy @yukyiiZ = f(X, y) Ha3UBAETHCS
mudepeHItiai ii moBHOTO AudepeHIiiaia:
d?z =d(dz).
AHaJIOTIYHO BU3HAYAIOTHCS MU(EPEHITIATHA TPETHOTO 1 BUIIUX TMOPSJIKIB:
d°z=d(d?z)
d"z=d(d"'z)

g mudepeniiana nopsaKy M cOpaBIXKyeThCs 3aJ€KHICTh:

m o"u
d™u=>Cl————dx"“dy". 4.22
é m 6mekayk y ( )
Y yacTUHHOMY BUIIAJIKY ITpu M = 2 dopmyna (4.22) Habupae BUTIAILY:
o°u o°u o°u
d2U Zydxzﬂ-Z@dXdy'f‘Wdyz. (423)

3ayearncenna. J{ns ckinanenoi GyHKUil @ = f(X, y), e X= x(u, V), y= y(u, v), JIpYTrui it
nudepeHiian, 3araaoMm, He momaethes yepe3 dX i dy srimHo 3 dopmynowo (4.23). Omxe, nist

NMOPSAAKY M>2 He BUKOHYETHCH BJIACTHBICTh IHBapiaHTHOCTI (popmu qudepeHniana moao
BHOOpY 3MIHHHUX.

V pasi ¢pyHKLUii N 3MIHHUX U = f(xl, X,, ..., X,) bopmyna (4.22) Habupae BUTTISLY:
N e O'U o o Gy _ m!
d u —ZCm mdxl ...an , A€ Cm —m, (424)

m
e M1ICYMOBYBAHHS BUKOHYETBCS 32 BCIMA LIUIMMH HEBI €MHUMU ; , TAKUMH 1110 Zak =m.
k=1
IIpu m=2 dopmyna (4.24) nonaerbcs Tak:
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dzu—iidx2+2i o dx,dx
k=1aXf ‘ i k=1 OX; Oy e

Wilmm=m: Smaiiti 0°7 , sxmo Z = cos X tgy.

, oz , oz
Posp’szyBannst. —=-SIN XIgy, —=COSX———;
OX oy cos”y

0%z 0%z . 1 . 0z 2sin y
— =—Cosxtgy, =-8in X ——; —; =C0SX = |-
OX oxoy cos“y oy cos” y

3rigHo 3 (4.2.16) maemo:

d?z = —cosxtg ydx? — 2sin x

dxdy+ 2cosx35|n yd 2
cos“y cos”y

4.2.9. IndepenuiroBaHHs HesAsBHOI QpyHKIIil.

I. ®ynkuis aBox 3minaux. Oynkuis f(X, y) =0 Busnauae ogny 3i 3MiHHHX X a00 y K

HesiBHY (yHKII0 1HIIO01 3MiHHOI. [Tonanuit Bupas3 - 1e gesike piBHSAHHSA, 1110 MICTHTh X Ta 1 BCi

du of of dy

4JIEHH SKOTO TepeHeceHi B jiBy wactuny. Hexait U= f(X, y). Toni — =—+——=. TIpore
dx ox oy dx
ockimeku f(X, y)=0,10 U=0 i (;_u =0. 3Bixcu
X
o ofd
e (4.25)
dx oy dx
, . . dy of . of .
Po3B’si3aBmm piBHsAHHS (4.25) BiTHOCHO i (BBaxkarouu, mo —1 — ICHYIOTB),
X
3HaHEMO 3aJIC)KHICTh
of
dy  ox of
— == —=#0].
dx o oy (4.26)
oy

Lle Tak 3Bana ¢opmy.ia qudpepeHilOBAHHA HeSIBHOI (PYHKIII.

Hero moparoTbcsi BiTHOCHI IIBHUAKOCTI 3MIHM 3HaYe€Hb X IOJAO 3HA4Y€Hb ), YUM
3abe3neuyerbcss He3aMiHHICT f(X,y). T'eoMeTpuuHO 1€ 03Hayae, 1m0 Touyka (X, Y) PyXaeThCs
B3JIOBX KpHUBOI, piBHSHHS K01 € u = f(X, Y), a (4.26) Bu3Ha4ae aj1st Oyab-AKOTO MOMEHTY HAIpPsM
il pyxy.

dy

TS ki X2y +sin y =0 3naiityn — .
Nl /U1 QYHKLIT X7y y i

Po3ze’asysanns. Hexait
f(x, y)=x%y* +siny,

— =2xy*, a_ 4Ax*y® +cosy.
OX oy
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3 piBHsiHHSA (4.26) 3HAX0IUMO:
dy 2xy’
dx  4x%y*tcosy
e — Bimomo, mo 3MiHHAa X, TPOXOJSYM Yepe3 3HAYCHHS X =3 1M, 3pocTae 3i
MIBUAKICTIO 2 1M/c. 3’sicyeMo, 3 SIKOIO MIBUAKICTIO MA€ 3MIiHIOBAaTHCh ) mpu y = 1
1M, 06 dyHKIis 2x)? — 3x%y MMIIanacs cTanolo.

Po3B’sizyBanns. Hexaii
f(x, y) =2xy* —3x%y;

3HAaXOJAMMO YaCTHHHI MOXiqHI i€l PyHKIIi 3a x 13a y:

of _ 2y? —6xy, i:4xy—3x2.
OX oy

[Tincrapisroun B (4.26), maeMo:

dy
dy 2y’ —6xy dt 2y? —6xy
—=——"——=, ab0 =",
dx  4xy—3x dx  4xy-3x
dt
dx ) dy 32
3 =3,y=1 —=2, & _ 2 o).
a YMOBOIO X y pm 3BIAKH it 15 (mm/c)

(s — 3HaiTH MOX1aH1 BiJ (YHKITIHA:
. u=2z°+y*+zy,
z=sinx, y=e".

, du . .
Posé’s3ysanns. poie 3e® +e*(sin x + cos X) +sin 2x.
X

2. u=arctg(xy), y=e".
Po3zs’azysanns. d_u = M
dx 1+x

3. u=In(a®*-p?), p=asing.

2.2x "
e

Po3zs’azysanns. 3—; =-2tg0.

4, u=v:+vy,v=Ins, y=e".

2
Po36’sa3yeanns. du_3vi+y +ve'.
ds S
e”(y-2)
u=-———-,
5. a’+1

y =asin X, Z = COoS X.

, du .
Po3z6’szysannsi. poia e*sin x.
X

II. ®ynkuis Tpbox 3mimHux. Hexaii P (x, y, Z) - Touka Ha TMOBEpPXHIi, 3aJaHii
PIBHSHHSAM:

u=F(x,y,2)=0 (4.27)
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i, Hexaif,PC 1 AP - mepepi3, IO YTBOPIOIOTHCS IUIOMIMHAMH, MPOBEACHUMHU dYepe3 TOUKy P
napanenbHo mwiommHam YOZ 1 X0Z (puc. 4.14). Jlns TO4OK KpuBOi AP 3MiHHA ) JIMIIAETHCS
cranor. Omxke, 3riqHo 3 (4.27) Z € HesBHOW (yHKIiE0 numie x, a Ha miacrtasi (4.24)

BUKOHYETHCS PIBHICTH:

oF

oz _E

pv oF . (4.28)
0z

T'eomempuuna inmepnpemayisn. ®opmyna (4.28) BU3Ha4a€e TaHTeHC KyTa HAXWIY KPHUBOT
AP y Touni P o oci Ox.

Puc. 4.14

- : . dz oz . . .
VY niBiif il YaCTUHI 3aMICTh X 3armrcaHo pvE OCKUTBKH 3TiAHO 3 (4.27) 3miHHa Z Oyma
X X

CIIOYaTKy HEeSIBHOIO (PyHKIIIEIO X 1y (hopmyny (4.28) BuBeaeHO 3a MPUITYIIESHHS, 1110 BEIUYUHA )
JIUTIAETHCS CTAJIOI0).
Amnanoriuno Haxwi kpuBoi PC 1o oci 0y y Toutlri P 3a1a€ThCsl PIBHSAHHSIM:

oF

o

52 _ _% (4.29)
oz

Nl OHaWTH B TO4Li (1, 1) wacTuHHI moximHi QyHKMI U = f(x, y), 3amaHoi HesBHO:
u® —5u’x+uxy —5=0.
Pos3e’azyeanns. Maemo F(X, y, U) = u® —5u°X+UXy—5. 3 yMOBH 3HAii/[eMO 3HAYEHHS
¢byHkii U B Toumi (1, 1):
u®-5u°+u-5=0,
u’(u-5+u-5=0,
(U=5)(u*+1)=0=u=>5.
®yukmia F(X, Yy, u) gopiearoe 0 B Toumi (1, 1, 5) i HemepepBHA B 1l OKOJIi, @ YaCTHHHI
noxifHi miei pyHkii
Fi=-5u’+uy, F, =ux, F/=3u”-10ux+Xxy

TaKO HETIePEePBHI.

128



Otxe, YaCTUHHI MOXIIHI HesIBHOT (QyHKIIIT MOKHA 3HaiiTH 3a hopmynamu (4.28) i (4.29).
Yactunmi moximmi ¢ymkuii F=(X, y) y touni (1,1,5) Taxii F/=-70, F =5,
F, =75-50+1=26.
70 5

Toni wactunHi moxinHi Gyskuii U = f(X, y) y wiit Touni Taxi: f, = 2% T

4.2.10. ®opmyaa Teiisopa ans GpyHkiii ABOX 3MiHHHMX.

Hexaii ¢ynkuis qox 3minaux z = f(X, y) B okoui Touku (Xo, Yo) Ma€ HeMmepepBHi MOXiIHI
BCIX MOPSAKIB 0 M BKIFOUYHO. TOI1 B IIbOMY OKOJII CITPABKYETHCS PIBHICTD:

foy)-3 e k%gyﬁ)(x—xo)k-‘(y—yo)‘ +0(") (4.30)

ne pz\/(X—XO)Z +(y_yo)21 X—=>Xor Y= Yo
O3nauennsa. MHOTOUIIEH
m K k . .
P )= B3l S )y - o)
HA3UBAIOTh MHO20uIeHom Tetnopa m-20 nopsoky Gyskii f(X, y), a GyHKIIir0
s y) =1 y)-P.(xy) -
3ANUKOBUM YTIeHOM M-20 NopsoKy gopmyau Teiiopa.

®opmyny (4.30) HazuBaroTh gopmynorw Teinopa m-20 nopsaoky @yuxyii f(x, y) 6 okoui
mouku (xo, Yo) i3 3anuwkosum unenom y ¢popmyni Ileano. 3oxkpema, ipu Xo = Yo = 0 dhopmyny
(4.30) nasuBaroth popmynoro Makiopena.

Sxmo ¢ynkmin f(X, y) mae B oxomi Toukm (Xo, Yo) HemepepBHi moximHi mo (m+1)-ro
MOPSAIKY BKIIOYHO, TO ISl Oymb-sikoi Touku (X,Y) 13 IIbOTO OKOJIY 3HAMIEThCS TOYKA
(& ) =X, +O(X—=X,), Yo +O0(Y—Y,)), 0<E <1, Taka mo

1 ma, o™f
=R+ s e, S

ne Pm(X, ¥) - maorounen Teitnopa.

m+1-i

(X=%,) (Y=Yo)" (4.31)

@opmyny (4.31) nazuBawTh ¢opmynow Teinopa i3 3anuwkosum ujieHom y @opmi
Jlaepansica. Slkmo ¢yukiis f(x, y) momaerses y Burisai (4.30), (4.31), To ToBOpATH, 10 BOHA
poskianeHa 3a gpopmynoio Tetnopa 6 okoni mouxku (xo, Yo).

Jua dyHkuii Tpbox 1 OuIbIIOT KUTbKOCTI 3MiHHUX (opmyna Teitopa BUBOIUTHCS
aHaJIOTTYHO.

Hanpuxnan, wis yakiii z = f(X1, X2, X3, ..., Xn) y Touni (x2, x3, ..., x°) dopmymna (4.30)
HaOWpae BUTISAY
1 0¥ f(xl,xz,..., )
o oglal oXLLOx

n
ne p= > (X — x°)?, x, > %’ i=12,...,n iniacyMOBYBaHHS BUKOHYEThCS 32 BCIMA LLTHMH
i=1

04 =X)) (X, = %2) ™ +0(p"),

n
HEBII €EMHHUMU ¢, TAKUMH IO Zai =K.
i=1
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4.2.11. Buznaunuk $1xo006i (1xo0ian).

BaxumBuM QopmambHEUM 3ac000M JOCHiDKEHHS (YHKIIH € BU3HAYHHKH, YTBOPEHI 3
YACTUHHUX ITOXITHUX.
Hexaii nano n gyHKIii N 3MiHHKX:
Yy = f(X5 X0 0 X,)
Yo = F0% Xp5 05 %,)
Yo = Fo (X %a0%,)
SIKI BU3HA4Y€H1 B JIesKid N-BUMIipHiK oOnacti D 1 maroTh y Hilf HemepepBHI MOXiAHI 3a BCciMa

(4.32)

smigHEUMHA. CKIIaeMO 13 IAX MOXIAHUX BU3HAUHUK

M NN
ox, ox, | oX,
Y N Y,
X, X, oo, (4.33)
¥y Y %,
ox, ox, o,

Busnaunuk (4.33) Ha3uBaOTh PyHKYIOHANIbHUM SusHauHuKom Axobi, abo skxobianom,
cucremu QyHKI#H (4.32) 3a iM’IM HIMEIIBKOTO MaTeMaTHKa SIk00i, SIKUil yrepiie BUBYUB HOTO
BJIACTHBOCTI.

[To3HayaroTh 5SIK0OIaH CUMBOJIOM

D(Y.: ¥z, - Ya)
D(X,, Xy, vy X))

SIko6iaH Ma€ BJIACTMBOCTI, K1 IMOMIOHI IO BJIACTHBOCTEH 3BHYAMHOI moximHoi. I nmbiua
aQHAJIOTIsA MDK MOXITHUMH Ta IKOOIaHaMHM PO3KPHUBAETHCSA B TEOPii HEIBHHUX (YHKIIIH, 0COOIUBO
KOJIM HIEThCS MPO 3aMiHy 3MIHHHX y KPaTHUX IHTerpajiax.

4.3. JocaimkenHs pyHkuiii 6ararbox 3MiHHHMX.

4.3.1. llonsarTs ekcTpeMyMy (pyHKIiil 6araTboxX 3MiHHHX.

0 0 0
O3nauenna. Touka (Xl, Xy yeuny Xn) HA3UBAETbCA  TMOUKOIWO — MAKCUMYMY — (DYHKYii

z=f(xl, Xos weny Xn), SKIO ICHYE OKUT TOYKH (Xlo, Xg, - Xr?), JUISL BCIX TOYOK SKOTO
BUKOHYEThCS HEPIBHICTb
F(X, Xp0 o %)< F(XS, XS, oy XO).

O3nauennsa. Touka (XlO C XS, Xg) HA3UBAETbCS  MOYKOIO — MIHIMYMY — (YHKYIT
z=f(x1, Xoy veny Xn), SKIO ICHYE OKIT TOYKH (Xf, Xg, ey X,?), UI1 BCIX TOYOK SIKOI'O
BUKOHYETBCSI HEPIBHICTh

F(X Xp0 o %)= F(X8, XS, ..y X0).

Touku MaKCUMyMy 1 MIHIMYMY Ha3UBAIOTbCS MOYKAMU eKCIPEMYMY.
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I'paghiuna inmepnpemaujis.

A A
z z

— — | —
1
I

|
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\

g

1
I
f > y‘ 1 >
L_j- '
P bl P ’L ~~ < ) Y
4T __1_v ¥ !
X B
Touka A- Touka MaKCUMyMY Touka B- Touka MiHIMyMy
Puc. 4.15 Puc. 4.16

MosxnuBuil 1mie ¥ Takuil BapiaHT €KCTpeMajbHOI TOUKH: TaK 3BaHa cidnosa mouka (puc.
4.17).

|
| —
\<V

\
\
|
1
]
L L __]
prd

Touka C - cimioBa Touka
Puc. 4.17

4.3.2. HeoOxigHi yMOBH iCHYBaHHSI eKCTPEMYMY.

0 0 0 0
Teopema.J[iin Touku ekcrpeMymy X =(X;, Xy, ..., X,) OyHKIOII Z= f(xl, ) S xn)
) . of (o) . .
YaCTUHHI OXIHI 8_()( ) (i=1, ..., n) abo KOPIBHIOIOTH HYIII0, 200 HE ICHYIOTb.
Xi
Jlosedenns. PosrnsHeMO — QyHKIiFO (o(Xl)z f(Xl, X3, ..., Xg) OJIHIET  3MIHHOI,

. . 0 .o . . .0 .
BHU3HAYCHO1 YMOBaAMU TCOPEMH B JCAKOMY OKOJI1 TOUKH Xl OICHOI ocl. Y Todll Xl (bYHKI_IISI

o(x,) mae excrpemym. Toi, ockimbku ¢'(x’) =§—f(x1°, xJ, ..., X°), To abo i(x°)=0, a6o
Xl Xl

of . e
6_()(0) He iCHYe (3a TeopeMoro 11 QYHKIIT 0JIHIET 3MIHHOT).
Xl

AHAJOTIYHO AOBOAMMO BUOAAKH 1 =2, ..., N.

O3nauenna. Touku, B AkuX (QYHKIIS BU3HAYEHA, a il YaCTHMHHI MOXIiAH1 JIOPIBHIOIOTh
HYII0 200 HE ICHYIOTh, HA3UBAIOTh KPUMUYHUMU MOYKAMUTIIET (DYHKITIT.

Nyl /01 QyHKIIT Z :|y| ycl TOYKH OCi X € KpUTHUYHUMH, 00 B KOXKHIM Takiil TouIi

dynkuis BusHauena, f/=0, a f; ne icaye. Toukn excrpemymy Qynkuii ciix
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LIYKaTH JIMIIE cepel 11 KpUTUYHUX TOYOK.

E> Bnpasu 11 caMocTiiiHOT0 po3B’siI3yBaHHA

3HaiiTn noBHUii Tudepenuian pynkuiii (1-5).
t

1. w=x%ysinz+e’ Inz. 2. f(s, t):ln(%+—).
S

3. 0(x y)=x"+y~ 4. F(u, v, ®)=tg(3u—v)+5"".

5. (X, Xou Xgu Xq)=X° tSiNX,.

6. [Tokazaru, 110 npaBuia JU(epeHITiFOBaHHS 11 QYHKIIH U | V 0/1HI€T 3MIHHOT
d(u+v)=du+dv, d(uv)=udv+vdu,

d(gj: vdu —udv

v v
BUKOHYIOTBCS, KOJIH U 1V — QyHKIIIT 0arathox (HampHuKiIaa, TphOX) 3MiHHUX (d- CHMBOJI TOBHOTO

mudepeHItiana).

3HaiiTn noBHuUii Audepenuian pyukuiii (7-10).

3
7.v=(x-y)(y-z)(x+2). 8. f(x, y):[xy+§j .
4xz r? —s?
9. f(X, y, Z)=m. lO ¢(r, S):r2+sz.

11. Josectn, mo koiu f - QyHKIisS oxHiel 3MIHHOI, a ¢~ TPbOX 3MIHHUX, TO MOBHHUI

midepenmian ckiaaaeHol GyHkiiu = f ((o(x, Y, Z)) ,JIOJIA€ThCA TaK:

du=f'(p(x y, 2))de(x vy, z).

3HaiiTu noBHuit udepenuian pyuxuiii (12-15).
r-s
t

12. w=sin(ax+by+cz). 13. p(t, r, s)=e
14. u=arcsin> . 15. z= Intgl.
y 2X

16. ¥ 3pizanomy KoHyci paxiycu ocHOB R=30 cm, r=20 cm, Bucota h=40 cm. Sk 3MIiHUTBCS
00’eM KOHyca, Ko 30utbmuTH R Ha 3MM, I — Ha 4MM, h- Ha 2 MM? SIKy 4acTKy MOYaTKOBOTO
00’eMy KOHYca CTaHOBHTD LIeH pUpicT A0 ioro 06’ emy?

17. Bigomi croponu mpssmokytHuka a=10 cm, b=24cm. Sk 3MiHHTBCS HOTO IiaroHaib, SIKIIO
CTOPOHY @ 30iTbIIMTH Ha 4MM, a b 3MeHImTH Ha 1 MM? 3HaliTH HaOIMOKEHE 3HAYECHHS 3MIHU i
MOPIBHATH 3 i TOUHUM 3HAYEHHSIM.

18. llenTpanbHuil KyT KPYroBOTO CEKTOpa, 110 JopiBHIOE 80°, moTpiOHO 3MeHIHTH Ha 15'. Ha
CKUIBKM JOBEIETHCS MOJOBXKHUTU pafdiyc, sSkuil nopiBHIOE 30 cM, 11100 KOMIIEHCYBaTH 3MiHY
toni?

19. 1106 3HaliTH T'YCTUHY O TiNa, BUMIPIOIOTH HOTO Macy (y rpamax) y MOBITpi (pe3yibTat -p)
Ta y BoJi (pe3yibTar -() i BU3Ha4aI0Th
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P
P-q
SIkuii BIUTMB Ha 3HAYEHHS O MAIOTh HEBEIUKI MOXUOKH, IO X MPUITYCKAIOTHCS Iif] Yac
000X 3BaXKyBaHb?
20. Iromra S TPUKYTHHKA 32 BIIOMUMU CTOPOHOIO ¢ 1 KyTamu B, C 1mogaeThecst GopMyIIor0
_1a2§nBﬁnC
2 sin(B+C)’
SIk mo3HaYaTbCs Ha pe3ysbTaTi OOYMCIICHHS HEBENUKI BIIXWICHHS JaHUX BiJ ICTUHHHX
3HaudeHs a, B 1 C?
21. Tloxa3aTu, 1m0 B pe3yibTaTi 00UYHCIeHHS nepiony 7 KOJMBAaHHS MasTHHKA 32 (POPMYIIOI0

,I L .
T =x_[— (l- mopxuHa MasTHHKA; (- rpaBiTaliifHa cTana, a00 MPUCKOPEHHS CUIIM TSDKIHHS)
g

BiIHOCHA moxuOKka (y BIJICOTKax) Moke OyTH OIlIHEHa 3 HAa/UIMIIKOM MIBCYMOIO BITHOCHMX
MOXHUOOK, 3 SIKUMHU OyJ10 B3sITO 3Ha4YeHHs | 1 g (32 MpHITyIeHH S, IO I1i MOXUOKH JOCTATHHO MaJli).

3HaliTH NOBHY MOXiIHY CKJIaaHOI PpyHKIii (22-25).

22. 3Haiit (zl—l:, AKIo U =e*2Y, X =sint, y:t3,

., gz
23. BHaiitn e KO Z =UVW, u = x2+1, v=e*, W=COSX.
X

24. 3uaiitn g—y , stkmo Y = (in X)
X

Inx

,sinXx=u,Inx=v.

25.Bupazutu (;—W yepe3 QyHKIIT ¢, i Ta X MOXimHi, Ko W= go(x)"'(x).
X

.

26. JlaHo Z = In(ex +ey); 3Haiitu: 1) = 2) d—z, skmo Y = X°.
X

dx
27. laHo f(t): tg(3t +2x% — y), e X = %; y= \/f; sgaitu f ’(t).

28. Jlano go(X): arcsin ;, ne Z =+x?+1; 3uaiitn (p'(x).

29. Pazmiyc r OCHOBHM KOHyca 3pOCTa€ pPIBHOMIPHO 3i MIBHAKICTIO 2cMm/c; Bucota h- 3i
MIBHUIKICTIO 3cM/C. 3 SIKOIO IMIBUIKICTIO 3pOCTaloTh: 1)o6’eM V, 2)moBHa moBepxHS S KOHyca B
MOMeHT, Koau I =20 cM, h = 12 cMm?

30. Jlano u= F(r), e I'- BiACTaHb TOYKH I\/I(X, Y, Z) BiJl MOYATKy MPSAMOKYTHOI CHCTEMHU
KoopauHaT. SIKio Touka M pyxaeThCs 1 Ma€ B MOMEHT t IIBHUJIKICTh, CKIIQJ0BI1 SIKOT 32 OCAMU

KOOpAMHAT V,, Vy 1V, , TO sKa B IEH MOMEHT IIBUJIKICTh 3MIHU BEIMYMHH U?

3HaiiTH yacTHHHI noxixHi 1annx Gpynkmniii (31-34).

31.g;a—z,sn<mo Z=X2|ny,lle x:E,y:3u—2v.
ou  ov Vv
o7 01 2 2

32. —; —,axmo Z=F(x" -y~ e¥).
ox oy b =y?, e”)
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33. a(p,a—¢, op ,siko ft, T, s)=F(\/t—r, sin 2t )
ot or os r-s

of . of 8f

4. —; —;
ox ' oy

35. Jlano U =sin ¢+ F(sin y —sin ). Tosectn, mo COS(oaa—u + coswg—u = COS@COSY s
74

sxuo (X, Y, )_qb[x, x2yz®, ;J

JOBUTBHOT QyHKIIT F.
1 82 loz
36. ano z = OBECTH, 1[0 —— +—— =
! ( ) A XOX yoy

IepeBipuTH, Yn NpaBUJIbLHO 3HaliIeHi NOBHI Mudepenuianu pyukuii (37-47).

—; U1 10BiIbHOT QyHKuii .

Bianosini:
37. u=by’x+cx*+gv° +ex. du= (by2 + 2cx+e) dx+(2byx+sgy2)dy.
38. u=Inx’. du=ldx+ln xdy.
39. u=y"™ du = y*™* In y cos xdx + sllns”>]<x dy.
y

40. u=x" du:u[lnyx+m—xdyj

X y
a1, u=32t g = 2050t 1)

s—t (s—t)

42. u=sin(pq). du = cos(pg)[gdp + pdq].
43. u=x". du = x®*(yzdx + zxIn xdy+ xyln xdz).

d do d
44. u=1g° ptg® Otg° v . du=4u( P . + "’j.

sin2¢p sin 26 sin 2y

X 4
45, U=—+X+—. du = i_iz dx + 1_12 dy+(1_lzjdz
y 7 X y X z y X z
46. u =arctgl+arctgl. du=0.
y X
47. u =arcsin = . du = Yax—xdy

y vy -x*

48. PiBusHHA Vp = RTxapaktepusye ineanbuuii raz (V- 06’em rasy; p - Tuck; 7- abcomoTHa

Temreparypa; R- geska crana). 3HaiTH criBBiAHOIIEHHS MK audepenmianamu dV, dp idT.
Bionosion.Vdp + pdV = RdT .

49. CxopuCTaBIINCH pe3ylbTaTOM 3ajaui 48, 3HAHTH, SK 3MIHIOETbCA p 3a TAKMX YMOB:
t=300°C, p=1000 kr/m? V =14,4 m’,xomu Bizomo, mo mix yac 3minu t mo 301 °C i V mo
14,5 M® 3HaYeHHS p 3MIHIOETHCS PIBHOMIPHO.

Bionosios. —3,25 xr/m?.
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50. CtopoHa TpHKYTHHMKa 3aBIOBXKH 2,4 M 3pocTae 31 mBuakictio 10cm/c, a apyra ioro
CTOpOHa 3aBJOBXKKH 1,5M 3MeHmIyeThcsi 31 mBHAKICTIO Scm/c. Kyr MK muMu cropoHamu
cTaHoBHUTH 60° 1 3pocTae 31 MBUAKICTIO 2 /c. SIK 3MIHIOETHCSI TUTOIIA TPUKYTHUKA?

Bionogiow. 3poctae 3i mBuakicTio 443 cm/c.

51. SIx 3MIHIOETBCS TPETS CTOPOHA TPUKYTHHUKA, 32[aHOTO YMOBAMH TOTIEPETHBOT 3a1a4i?

Bionogios. 3poctae 31 mBuakictio 12,32 cm/c.

52. CropoHa TpsSMOKYTHHKA 3aBIOBXKKH 25 cM 3pocTae 3i mBHAKiCTIO Scm/c. [lpyra iioro
CTOpOHA 3aBIOBXKM 37,5CM 3MEHIIYEThCS 31 MBHIKICTIO 2,5cM/C. SIK 3MIHIOETBCS TUIONIA
NPSIMOKYTHHKA HAITPHUKIHII APYToi ceKyHam?

Bionogiow. 3pocrae 3i mBuaKicTio 74,82cM?/c.

53. Pebpa mpsMoxyTHOro mapainenerninena 3aBroBxku 7,5, 10 1 12,5¢cm 3pocraioth 3
0/THaKOBOIO MBUAKICTIO 0,5cMm/c. SIK 3MIHIOETHCS 00’ €M Tapasenerineaa?

54. TloBiTpsHMI 3MIi MEpPEMIIYeTbCS TOPU3OHTAIBHO 31 MBUAKICTIO 0,6M/C 1 MAHIMAETHCSA
BEPTUKAIBHO BroOpy 31 MBUAKICTIO 1,5M/c. 3 sIKOIO MIBUAKICTIO PO3KPYUYETHCS MOTY3Ka, IO
ioro yrpumye?

Bionosiow. 1,61 Mm/c.

55. JlroauHa, sfika CTOITh HAa MPUCTaHI, MPUTATYE YOBEH 3a MOTY3KY 31 mBuAkicTio 0,6 m/c.
Pyxku ii nepeOyBatoTh Ha BUCOTI 1,8 M HaJl HOCOM YOBHA. 3 SIKOO IIBHUJIKICTIO PYXa€ThCSI YOBEH Y
MOMEHT, KOJIM BIICTaHb HOTO BiJ MpUCTaHi JopiBHIOE 2,4 M?

Bionosiow. 0,75 m/c.

56. O0’eM 1 paaiyc NHIIHAPUYHOTO KOTJIA 3POCTAIOTHh BIAMOBITHO 31 MIBHIAKICTIO 271m%/xB i
0,003 1M/xB. SIK 3MIHIOETBCSI TOBXKHHA KOTJIa B MOMEHT, KOJIM 06°eM fforo cranoButh 1,18 M3, a
paxiyc - 0,6 m?

Bionosiow. 0,234 nm/xB.

57. Boma 3 koniuHoro ¢uibTpa, BuUcota sikoro 20cMm, a miamMeTp OCHOBH 15cM, BHUTIKae 3i
mBuakicTio 0,0125 cm°/roa. 3 SIKO IIBHIKICTIO 3MEHIIIYETHCS TIJIOIIA TIOBEPXHI BOJH, KOJIHU
pPIBEHb BOJIM 3HIKYEThCS HA 10cM?

58. Hexait X 1 Y- KOOpaUHATH JESKOI TOYKH y MPSMOKYTHIA CHCTEMi KoopjauHaT, a I i &
MOJISIPHI KOOpAUHATH 11i€1 Touku. [loBecty, 110

xdy - ydx = r’dé?; dx® +dy® =dr® +r?de’.

59. 3akputHii Amuk, goBxuHa skoro 10, mmpuHa 8 1 BUCOTa 7CM, 3pOOJICHHH 13 JOIICUOK

3aBTOBIIKU % cM. BusHauntu HabnmxeHo 06°€M 3aTpayeHOro Ha SIIKUK MaTepiany.
Bionogion. 206 cm®.
60. IIpuckopenns g o0uucieHo 3a GopMysow S = % gt?.3HaiiTn MoXMUOKy TaKOTO Pe3yabTaTy

3aJIeXKHO BiJ] HEBEIMKUX MOXUOOK, IKUX MPUYCTHIIHCS, BUMIPIOKOYH S i t.
Bionosiow. AOcoiroTHA moxmuoka
2ds — 2gtdt
g - 245201t
t
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dy

3HaiTH ™ 3a BignoBinHo0 dopmyJioro (61-65).

X
Binnosini:
61.(x* +y?) *~a’(x" - y*)=0 dy _ x 2 +y?)-a’
dx y 2(x*+y?)+a?’
62.e” —e* +xy=0. dy e’y
dx e’+x
63.sin(xy)—e” —x’y =0. dy  ylcos(xy)-e¥ —2x)
dx  x(x+e™ —cos(xy))
64.sin xsin y +cosxcosy —y = 0. dy  sin(x-y)
dx  sin(x—y)-1
65.y* =x". dy _ yx'T—y*¥iny

dx  xy*'=x'Inx
66. f(X, y)— f(y, X): 0. IMoka3atu, 110 MOXiqHA MOXE OYTH BHpaKeHa APOOOM, YHUCEITHHUK

SIKOTO YTBOPIOETHCS 31 3HAMEHHHUKA [IEPECTABICHHSM X 1.
o1 ds
67. TTokazaTH, 110 BUKOHYETHCS PIBHICTD Edv2 =X"dx+ y"dy + z"dz, ne v = e
o du 3 2 2,2 : :
68. 3naiit d—, AKIO U =ax’ —ab“x+a°b’, ne a ib- crani.
X
. .. du
Bionogiow. ol 3ax” —ab?.
X

. ou .
69. 3naiiTi 8_ , SIKIo U = yX3 - yZZX + yzzz. [TopiBHSTH 3 MONEPEIHBOIO 3a/1aU€IO.
X

Bionogiow. M =3yx® —yz°.
OX

3HaiiTH 3a3HaYeHi YacTHHHI moxiani nanux pynkuii (70-81).

70. 7=2x* +5x%y — x?y? +4xy* —y*: & 2;.
71_a):xyz,aw 8W oW
OX ay oz
of of
72. f(x, y)=0Bx2y—y3+7)%: =, —.
(0 y)=Bxty-y+7) 2 2

73. ¢lt, s)= t\/_+\/— ot s); @it s).

0S
74. s=y(x-2) +y* -y*; ( j
8Xx3y2

75. F(x, y, 2)=2+J+2: Fi(x y. 2); Fj(2 1 4).
y 7 X

76. w(x, y)=yax =by® ; yi(x, y); wi(x, y).
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77. f(x, vy, 2)=Ih(5x-3y+4z); /(1 0,2); f;(L 0, 2); £/ 0, 2).

78. ag(sin ax + cos’ by) i %(sin ax +cos’ by).

X
2 2 2 . or or(l
79. r=x"+y*+z°; —; —| =|.
ox oy\r
80.v=|n(t+\/t2+sz);a—v;a—v.
ot 0s

muw&,y%=wd9§;¢xn y): 9,(x, y).

Jano ¢yukuiro. IlepeBipuTn HaBeaeHi gaji piBHOCTI 1S ii YACTUHHMX MOXiTHMX

(82-93).

ax . ou ou
82. u=_|xy+—; U X—+y— |=XY.
y ox "oy

83 u=x+2_7: d MLy
y-z2 OX oy oz
2
84. 7=e'| >+t |: s_t Q+Q:z.
2t? t s)os ot
85. w=X;+t_—X; a_WJra_WJr@Jra_W:O.
z—-t -z ot ox oy oz
2,,2 2 2
86.szy ; Xa_l:+yau:26_u
X+Yy oxoy  oX
1 2 2
87. u=(x*+y?)? ax O +3ya—l2J N _o,
0Oyox oy" oy
x y z oy x oy 2
88. u=y’z%e? +z°x%2 + x°y%e?; — 2 —=e?+e? +e?
ox“oy“oz
3 o°u o%u
89. u=tg(y+ax)+(y-ax)z; yzaz—z.
o°u
90. u=x“y’z"; ———=(a-1\B -1y —Dapx?y 22

2 2 2
9L r=yx+y?+2%; or,or,or 2 i

x> oy? T
*(nr) &*(nr) &*(nr) 1
+ + =
Ox? oy® oz’ r
1 _ o’V . 0%V N v
S ry2az? ox: o oy: ozt
93. f(x, y, 2)=0(r), ne r=yxX>+y* +r%;
o't 2% f o't 2 .
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92. v=




: ou 2 L ,
94. Jlano piBHSHHSI— = 2X+ Y°.3HaiiTH HOro po3B’s30K u(x; y), 110 33J0BOJIbHSIE YMOBY

u(x, xz):O.
95. 3uaiiTu noxiaHy ¢yHkuii f 3a HanpsimkoMm Bektopa | y Toumi M.
1) f=3x+5y2, 1=(-1/42; 1/42), M(L; 1);
2) f=xsin(x+y), I=(-1% 0), M(z/4; x/4);
3) f=x*+2xy*+3yz°, 1=(2/3; 2/3, 1/3), M(3; 3; 1);
) f=n(2+y>+22), 1=(-1/3; 2/3; 2/3), M(L; 2; 1);
5) f=x2+x5-x2+xZ, 1=(2/3,1/3, 0; =2/3), M(L; 3, 2, 1).
6) f =Yarcsinx, , | =(1/vn; 1/4n; ... 1/4n), MU 4; 1/4; ..; 1/4).
96. 3HaiiTn lli;a)_'[iCHT ¢bynkii f y Tourti M.
1) f=1+xy*, M(-% 1);
2) f=yx’, M(2; 2);
1
VX2 +y?+ 22
4) f:arctg(xy/zz), M(0; L 2);
5) f =€ M(Xs; Yoi 2o);
6) f :In(l—x2—2y2—322), M(Xo; Yo Zo) Xe +2Y5 +32z7 <1.

3) f= , ML 2 3);

97. 3uaiiTu oxinHy QyHkiii f y Todri M, 3a HanpsMoM BekTopa M M .
1) f =5x+10x°y+Yy°, M, (1; 2), M(5;, -1);
2) f=xy’2%, M,(3 2, 1), M(7; 5; 1);

. z
3) f=arcsmTy2, M, 1 1), ML 5 4);

X
4) f = 2 , M (0; L, 1, 0), M(3; 2; 1; 0).
) X2+ X2 + X2 + X2 o(0: 1 2 0), M( L 0)
98. 3uaiiTu noxiany GyHkiii f y Tourti M 3a naHMM HapsIMOM.

1) f=3x"+y’+xy, M (1; 2), 3a HaMPsIMOM TIPOMEHSI, 1[0 YTBOPIOE 3 BICCIO X KyT 135°;

2) f= arctg(y/ X), M (1/ 2, \J31 2), 3a HampsMOM 30BHIIIHROI HOpMami 10 KoJia
NG y2 =2X y roui M,

3) f=x*-3yz+4, M :(ZL' 2, —l), 32 HampsMOM IPOMEHs, IO YTBOPIOE OJHAKOBI
KYTH 3 yciMa KOOPANHATHUMH OCSIMU;

4) f=In (eX +e’ +ez), M(0; O; 0), 3a HanmpsMOM NpOMEHS, WO YTBOPIOE 3 OCAMH
KOOPJMHAT X, Y, Z KyTH, siki nopisuiorots 7 /3, 714, 713,

5) f =tgxz, M(;r/ 4, rl4; 1), 3a HampsMoM rpajienTta ¢pynkuii f;, =sin yz y rouni M;
2 2 2

.Y

Zz . . .
6) f=—+ oF +—, M (Xo; Yo: Z,), 3a HaIpsiMOM rpajtienta dynkiii f y Tourti M.
a C
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99. 3naliTy HallOLIbIIE 3HAYCHHS a1 y Toui M.
1) f=xy’-3x'y°, M(L 1);

2) f = X+\/_ M(2; 1);

3) f:Inxyz, M(L -2 —3);
4) f =tgx—x+3siny-sin®y+2z+ctgz, M(z/4; 713; x12).

. . 0 . s
100. 3HaiiTi o qMHUYHMIA BeKTOp |, 32 HampsiMOM SIKOTO a1 y Touli M nocsirae HalOUIBIIOTO

3HAYCHHA.
1) f=x"-xy+y?, M(-1 2);
2) f=x-3y+.3xy, M(3; 1);
3) f =arcsin xy+arccosyz, M(L; 0,5; 0);
4) f=x2, M(-3; 2, 1).
101. 3uaittu Kyt MK rpagieaTamu ¢yHkiii f y Toukax 4 i B.

1) f=In|y/x, Al/2; 1/4), B, -1);
. X
2) f =arcsin el AL 1), B(3; 4);

X
3) f=m, At 2 2), B(-3, 1; 0);
4) f :sin(x2+y2—22), Aa; —2a; a), B(b; b; b), a®+b* 0.
102. HoBectu, 110 KyT  MDK  TIpaJi€HTaMH dynxuiit f, = x> +2y? +32°,
f,=x*+2y* +32° +4x+5y+62y tounmi M(X,, Y, Z,) TpAMYye 1O HyJs, SAKIIO LS TOYKA

BIIAJISIETHCS. B HECKIHYEHHICTb.
103. 3naiiTu B 3a3HAYCHIM TOYIll YACTUHHI MOXigHI (QYHKITIT u(x; y), 3aJaHOl HESIBHO

PIBHSIHHSIM.
1) u®+3xyu+1=0, (0; 1);
2) e' —xyu-2=0, (1, 0);
3) u+hh(x+y+u)=0, (]; —1)'

u
Y e
104. 3naiiTu B 3a3HaueHii Touli qudepeHIian GyHKiii u(x, y), 3aJJaHO1 HESIBHO PIBHSHHSM.
1) X+y-u=e""" (X, Yo);
2) x—u=uh(u/y), & 1).

105. 3maiitu du B TOUI (X, y), SIKIO U =

—arcty —— (5; 4).

x+2(x, y)

,Z(X, y)- GbyHKIis, 337aHa HESIBHO
y+z(x y)

piBHsHHAM Z€° = Xe* +ye’.
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106. Dyukiris z(X; Y) BH3HAYAETHCS PIBHSIHHIM f(x -y, Y-, 2— X) =0,ne f (u, v, W)-
mudepeniiioBHa GyHKIis. 3HAUTH dZ(X, y).
107. 3HaifTn yacTHHHI MOXiTHI APYTOTo NOPSAKY PyHKIIIT f(x, y).
1) f= xy(x3 +y° —3);

2) f=e";
3) f =arctgu;
1-xy
4) f =x".
108. OGUHMCIHMTH YaCTHHHI MOXiAHI Apyroro nopsaky Gyskuii f(x, y) y 3amaniii Touri.
X
1) f=—"-, (1 0); 2) f=y*{l—e*), (0; 1);
) f=iy ©0) ) f=y'-¢) 0 1)
3) f=h(x?+y), (0 2); 4y f =ysin(y/x), (2; 7);

5) f =cos(xy—cosy), (0; z/2); 6) f =arctg(x/y), (& 1);

—— @D 8 =y @),

109. 3HaifTn YacTHHHI MMOXiTHI IPYTOTO NMOPSAKY QyHKIIIT f(x, Y, Z).
1) f= x(1+ y223).
2) f=sin(x+y+2).

7) f =arcsin

110. 3naiiTn YaCTHHHY OXITHY 6)?;;82 :
1) f =+/xy°z°. 2) f=x%siny+y’sinz+2z%sin x.
3) f=e". 4) f =arctg 1X_+X3;J: i/z_—X)z/i
111. 3naiiT YaCTUHHY NOXIAHY 64—f ¢bynkuii f =In ! :
OX,0%, 0%, 0X,, \/(Xl — %, ) +(x, — X, )’
112. 3uaiitu apyruit nudepeniian GyHKiii f(X, y).
1) f=x1+y) 2) f=xsin?y;
3) f:%exy; 4) f=yhx;
5) f=In (x2 + yz); 6) f =arcsin xy.
113. 3naiitn d°f.
1) f=x%; 2) f=x>+y+3xy(y—x).
3) f =sin (x2 + yz). 4) f =xyz
114. 3uaiitu d* f.
1) f =cos(x+y); 2) f :In(xxyyzz).

115. Hexaii f - aeiui qudepenniiioBHa GyHkiis. 3HaiTH ApYyruil tudepeniian GyHKIil ¢.
1) plx, y)= (), u=x+y;
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2) plx, y)=1(u), u= \/X +y?;
3) o(x,y, 2)=1(u), u=
4) o(x, y)=f(u,v, w)u=x"+y*, v=x> -y’ w=2xy.

116.
1) Hexaii f i g- nBiui qudepenuiiioBri pynkuii. JoBectu, mo ¢yHKIis u(x, y): f(X)+ g(y)
. ou
3a/I0BOJIbHSIE PIBHSHHS x =0;

2) 3HalTH QYHKILIIO u(X; y), 110 337J0BOJIHHSE 3a/1aHI YMOBH.

2
2) o’u _o. au(x, X):Xz_
oxoy OX

o’u =x+Yy, u(x, 0)=sin x, u(0, y)=0.
oxoy

0)

117. 3uaiitu apyruit nudepeniian GyHKiii u(x, y), 3a/1aHOT HESBHO PIBHSHHSIM.
2 2 2

X,y . u : u.
1)¥+F+c_2:1’ 2) X+y+u=e;
3) u=In(yu—x); 4 4 u

tg :
/X2 _ yz /X2 _ yz
118. TlepeTBOpHUTH PIBHAHHSA 10 TOISPHUX KOOPAUHAT, Y3SBIIM X = COS¢@, Yy =TrSin ¢.
6 u o%u

1) 6y2=0;
2 2
2 Xza o'u , 0% .
ox? ooy oy?
2 2
3) yzau 2xy o°u Zé_u_ a_u_ a_uzo

119. IlepeTBopuTH PIBHSIHHS, Y35BIIW 32 HOB1 HE3aJICKHI 3MIiHHI U, V, T.
2 2 2 2 2
1) CW_fOW HOW JOW, OW_g
OX OX0y  OXoz oy 0z
U=X, 2V=X+Yy+2z, 2t=3x+y—-12,;
82W_482w_28W oW, ow _
ox*  oOxoy  oyor ay o

2) 4

X X
u= ,v=—+y,t:—§—y+z.

X

2 2

o’u d°u o4
2 + 2 + 2

ox® oy® oz

y3SBIIK X = I COS@COSY , Y =ISin pcosy , Z=riny.

120. IleperBopuru piBHsAHHA Jlamaca =0 1o chepuyHHX KOOpAMHAT,

121. Pozknactu 3a ¢popmynoro Teiinopa ¢yHkiiro f(X, y) B OKOJIi 33JJaHOT TOUKH.
1) f(x, y)=—x*+2xy+3y*> —6x-2y—4, (-2; 1);
2) f(x, y)=2x*—xy-y*-6x-3y, (I, —2);
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3) f(x, y)=x"—2y*+3xy, (& 2);
4) f(x, y)=x*-5x* —xy+y? +10x+5y, (2; -1).

122.Po3knacty 3a popmynoro MaknopeHa 10 0(,02 ), ne p=+x"+Yy°, dbynkiio f.

Cos 1
1) f(x, y)=ﬁ; 2) f(x, y)=arctgﬁ;

3) f(x, y)z\/(l”)a;(“y)ﬂ Lo, BeR.

3uaiiTu npyruii nudepenuian pynkuii u(X, y), 3ananoi sisno (123-128).
123.

1) u=x*+xy+y? -12x-3y; 2) U=3+2X—y—X* +Xxy—Yy?;
3) U=3x+6y—x*—xy+Yy?; 4) U=4x" —4xy+Yy® +4x—-2y+1.
124,
1) u:3(x2+y2)—x3+4y; 2) u=3x"y+y®-12x-15y +3;
3) u=2x%+xy’ +5x* +y?; 4) u=3x>+y> -3y’ —x-1;
5) u=x*+y°® +3axy.
125.
1) u=3x"-2xy +y—8x; 2) u:x\/1+y+y\/1+x, x>-1, y>-1
3) u=1+x*+3/(y+2); ) u=1+y>—§(x-2)";
5) U =Xy 12—-4x* —y?; 6)u=w,az+b2+cz>0.
V1+x2+y?
126.

1) u=sin x+cosy+cos(x—y), xe(0; z/2), ye(0; =/2)
2) u=sin xsin ysin(x+y), xe(0; z), ye(0; )
3) u=Xx+y+4sin xsiny;

4) u= (1+ ey)cosx— ye’.

127.
) u=x>+y* +(z+1] —xy+x; 2) U=8-6x+4y—2z x> —y> —7%
3) u=x*+y*—2° —4x+6y -2z 4) u=x>+y*>+2° +6xy-4z,
5) u=xyz(16—x—y—2z), 6) u=xy’z>(49—x—2y—3z)

128.

1) u=sin x+sin y+sin z—sin(x+y+z2), x, y, ze(0; z);
2) u=(x+ 7z)e‘(xz+y2“2);
3) u=2Inx+3Iny+5Inz+IN(22—-x-y—-2).
129. JlocnimuTi Ha CTPOTHA €KCTPEMYM HemnepepBHY auepeHiiiioBHy QyHKIII0 U = u(x, y),
sIKa HESIBHO 3aJJaHa PIBHSIHHSIM.
1) X*+y? +u® +2x-2y+4u—-3=0; 2) 2x° +2y* +u® +8yu—u+8=0;
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3) X} —y®+u® —3x+4y+u—-8=0;
4y (x2+y?f +u* —8(x* +y?)-10u” +16 =0,

130. 3naiitu ymOBHI ekcTpemymu (QyHKIIT U= f(X, y) BiTHOCHO 3aJ[aHOTO DIBHIHHSI

3B’S3KY.
) u=xy, x+y-1=0; 2) u=x*+y? 3x+2y—-6=0;
) u=x*-y? 2x-y-3=0; 4) u=xy*, x+2y-1=0;

5) u=cos’ Xx+cos’y, x—y—z/4=0.
131. Jocmimutu ¢yskiiro U= f (X, y) Ha YMOBHHUH EKCTPEMYM, SIKIIO 3a/JaHO pPIBHAHHS
3B’sI3KY (3°sICYBaTH, UM 3aCTOCOBHUH TYT MeTO[ Jlarpanxa).
1) u=(x-1¢+(y+1)>;
a) x> +y>-2xy=0; 6)x-y=0;
) u=x*+y* (x-1-y*=0.

3naliTu yMOBHi ekcTpemMymMu (yHKmii U= f(X, Y, Z), SIKIIIO 321aHO PiBHSIHHA 3B’fA3KY
(132-134).
132.
1) u=2x>+3y* +4z7°, x+y+2=13;
2) u=xy?z®, x+y+2=12, x>0, y=0, z>0;
3) u=x*y’z*, 2x+3y+4z=8, x>0, y>0, z>0;
4)u=sinxsinysinz, x+y+z=z/2, x>0, y>0, z>0;
) u=x-2y+2z, x> +y*+2°=9;
6) U=X—Yy+2z, X*+y* +27° =16;
Yu=xyz, X>+y*+2*=3;
8) U=Xy+2Xxz+2yz, xyz=108;
2

y—2+z—:1, a>b>c>0;
b

2 2
2,2, 52 X
Yu=x"+y +z,¥+ o

10) u=x+y+2, 2+24521 a0, b>0, c>0,
X y z
133.
1) u=xy+x+y, —2<x<2, -2<y<4;
) u=x*-xy+y, <2, |y|<3
) u=x>+y*—-4x, —2<x<1, -1<y<3;
Hu=x>+y*-3xy, 0<x<2, -1<y<2
5) u=x’+8y° —6xy+1, 0<x<2, |y|<L
6) u=x+[x—y[, X <1, |y|<2;
) u=x"=xy+y*, ¥ +|y <1

8) u=(x+ye?, —2<x+y<L
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134.
1) u=1+x+2y, x+y<1, x>0, y=0;

2) u=x+3y, X+y<6, x+4y>4,y<2,

) u=x"-2y+3, y-x<1, x<0, y>0;

A u=x*+y*—xy—-x—y, x+y<3, x>0, y>0;

5) u=xy(6-x—y), x+y<12, x>0, y>0;

6) u=sin x+sin y—sin(x+y), x+y<2r, x>0, y>0.

135. 3naiitu HaiibinbIIe M 1 HaliMeHIIe M 3HaueHHs QyHKIIT U.
1) u=(xy-1f +y?; 2) u=[x+y|-y1-x"—y?;
3 u= (ZXZ i yz )el—xz—y2 ; 4) u= (XZ I y2 i Zz)e—(x2+2y2+3zz).
136. 3maiiti piBHAHHS H0THUHOI g0 emincoima 4X” +9y? +362° =36 mromman i piBHAHHS
fioro Hopmauti B Toulli, e X =2, Y =1, a z nonarxe.
137. 3HaifTi PIBHAHHS HOPMANi JO OJHONOPOKHHHHOTO Timepbomoima X° —4y’+22° =6y

TOYIII (2, 2, 3).

138. 3HaiiTi piBHIHHS ILUIONUHU, TOTHYHOI 0 JBOIMIOPOXKHUHHOTO Tirepoooina

y TOYIli (Xl, Vi, 21)-
139. 3naiiTh pIBHAHHS MOTHYHOI IUIONIMHU 1 PIBHSHHS HOpPMaJi 0 MOBEPXHI B 3a3HAYCHIM
TOMII].
1) 2x* +4y*-2=0; (2, 1 12},
2) X +y?-2z=0; x=1, y=1;
3) x*+4y*—2°=0; (1, 2, 1)
4) X°y* +2x+17°=16; x=2, y=1;
5) x> +y?+22 =11; (3, 1 1)
6) x* +3y* +22*=9; y=1, z=1.
140. 3uaiiT 00BinHY CiM’T IpsAMHUX Y = 2MX + m*, ne m- 3MiHHMit mapamerp.
Bionosios. X =—2m°, y =-3m*; a6o
16y° +27x* =0.

141. 3naiitu 00BigHY ciM’1 mapabomn y’ = a(x - a), 1€ a- 3MIHHHI mapameTp.

[N

Bionosios. X =28, Yy =1a; abo y =+—X.

N

142. 3maiity 06BimHY ciM’T Kin X* + (y -p )2 =r?, ne 3 3MiHHMIi napamerp.
Bionosios. X = £r.
143. 3naiiTi 00BiHY CciM’1 KiJI, JlaMeTpaMu SKHUX € TOJIBIiHI OpIMHATH elinca

b’x* +a’y? =a’b’.

144



2 2

y
SN, —

a’+b? b2

144. Kpyr pyxaeTbcs Tak, IO IIEHTp HOro MHOCTiiiHO MicTuThcs Ha mapabomiy? =

Bionosgiow. Eninic

4ax,BIAMIOBIIHE KOJIO MPOXOAWUTH 4Yepe3 BepIIMHY mapabonu. 3HAWTH pPIBHAHHA OOBIAHOT
YTBOPEHOT CiM’1 KPUBHX.

145. 3naiiti 00BimHY CIM’i, IO CKIAAETHCS 3 YCIX KU, IEHTPH SKUX MICTATHCSA Ha OCl X, a
paniycu oIHaKOBi i JOPIBHIOIOTH R.
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	Правило знаходження частинних похідних першого порядку.
	Геометрична інтерпретація частинних похідних.
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