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Abstract—The problem of covering a bounded disconnected 

arbitrary shaped area (domain) by identical circles is 

considered. To describe analytically the coverage conditions we 

use special continuous and everywhere defined functions for 

modelling relations between circles and the border of the area. 

A new function for modelling the relations between three 

circles when covering the interior part of the domain is 

defined. An integrated mathematical model of the coverage 

problem is provided in the form of a nonlinear programming 

problem. A new strategy for solving the problem is proposed. 

To demonstrate the efficiency of the developed algorithm an 

example of solving the problem for optimizing the length of the 

network connecting centers of the circles is presented. 

Keywords—circular coverage, arbitrary shaped domain, 

identical circles, tracing, mathematical model, nonlinear 

optimization. 

I. INTRODUCTION  

Currently, there is a rapidly growing interest in the 
effective solution of the problems of optimum coverage of 
areas with circles known as the problems of circular 
coverage (see, e.g., [1, 2]). One of the interesting application 
of coverage problems in the geometric design systems is 
considered in [3, 4]. 

This study is motivated by a variety of practical 
applications including the construction of network, the 
protection of forest arrays from fires, determining the 
necessary quantity and arrangement of the stations of cellular 
connection, determining the operation range and 
arrangement of watering plants, intended for controlling the 
range of circular orbits of artificial Earth satellites. The 
optimum coverage of domains relates to NP-complex 
problems. Therefore, in most publications heuristic 
algorithms are used for their solution. Thus, developing 
efficient algorithms for the coverage problems requires 
mathematical models based on the analytical description of 
relations between the objects.  

We present here new tools for the analytical description 
of the coverage relations of the inner part of the domain and 

propose a new four-stage solution strategy for the problem. 
Algorithms for generating the objective function to optimize 
the length of the network for two types of sensor networks 
are provided. In addition some computational results are 
introduced. 

II. RELATED PAPERS AND PROBLEM FORMULATION 

Many studies are devoted to the coverage problems [1, 
2]. As follows from [2], some heuristics for circular coverage 
is the arrangement of sensors in determined units according 
to some template. The more advanced approaches employ 
the Voronoi diagrams [5] and the Delaunay [6] triangulation. 

Some heuristics are based on the random arrangement of 
sensors in the covered domain [7]. In this case two sub-
problems appear: 1) is the given domain fully covered by the 
circles? and 2) eliminate the excessive sensors. The basic 
techniques of solving these sub-problems are highlighted in 
[2]. 

The most efficient coverage criterion is proposed in [8]: 
if  

1) each interior point of the domain that is a point of the 
intersection of the frontiers of two circles belongs to at least 
one of the rest part of the circles;  

2) each point of the intersection of circles and the frontier 
of the domain belongs to at least one of the rest part of the 
circles. 

Metaheuristics are frequently used to improve the 
random arrangement of circles, e.g., ants’ colony algorithms 
[9], genetic algorithms [10], simulation annealing [11].  

Only a few works are devoted to the construction of exact 
mathematical models for the coverage problems.  

Authors of [12] propose the approach to cover a square 
by single circles, based on the theory of temperature 
expansions and compressions of pivotal structures. The 
approach, proposed in [13], uses the Dirichlet-Voronoi 
scheme. The results are presented for a single square.  
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Article [14] considers the continuous problem of set 
coverage as the problem of quasi-differentiable optimization. 
Authors of [15] propose the algorithm based on the theory of 
the optimum division of sets and the Shor’s r-algorithm [16]. 
However, the proposed in [15] algorithm dependences on the 
parameters of the algorithm: the magnitude of step of the 
three-dimensional grid and magnitude of step of numerical 
differentiation with the calculation of the components of the 
generalized gradient.  

In [17] the numerical algorithm of solving circular 
coverage of arbitrary convex domains is based on the use of 
sub-differential and sub-gradient methods. 

In [18] authors study the problem of coverage of 
polygons by identical circles, construct the mathematical 
model on the basis of the Voronoi diagram. The 
mathematical model of the problem of coverage of an 
arbitrary polygon with non-identical circles is developed in 
[19] using the coverage criterion, proposed in [8]. 

Based on the elaboration of the approach described in 
[19], a mathematical model of the problem of covering an 
arbitrary domain with identical circles is proposed in [20]. 
The model uses phi-functions [21] and quasi phi-functions 
[22]. 

The main contributions of our paper are follows:  

 further development of geometric tools for analytical 
description of relations between objects in the circular 
coverage problems; 

 development of the integrated mathematical model of 
circular coverage with identical circles in the form of 
the non-smooth optimization problem combining with 
the optimization of the trace routing connections; 

 development of algorithms to search for local-optimal 
solutions. 

III. MATHEMATICAL MODEL AND SOLUTION ALGORITHM 

1. Mathematical model 

Let 2R  be a closed bounded area with the 
piecewise-smooth boundary, formed by L fragments of 
curves. Then we assume that a collection of identical circles 

},...,1,{ niCC i   of radius r with the center points 
iu  is 

given. The set 
1

n

i

i

C


   is called the circular coverage of 

area  , if   . 

Problem formulation. Find a coverage   of the domain 

 , to optimize an objective function ( )F u , 

),....,,( 21 nuuuu  . 

It should be noted that ( )F u  is a smooth function. 

First we form the set P of the points kp , Kk ,...,1  in 

which the smoothness of the frontier of   is disrupted. In 
what follows, we assume that the curvature of the boundary 
at any point, except points from the set P, is less than the 
curvature of circles from the set C.  

For the set 
n

i
ii uCu

1

)()(


  to be the non-degenerate 

[20] circular coverage of Ω, it is necessary and sufficient 
that: 

1) for each point 
kp P  at least one circle )( ii uC , 

nIi  should be found so that )(int iik uCp  ; 

2) for any point niiik IifrufrCt  ,)(   at least one 

circle njj IjuC ),( , i j , should be found so that 

)(int jjik uCt   and, consequently, point 

)()( jjiiijk ufrCufrCt   should belong to  int\2* R

. 

3) for any point )()( jjiiijk ufrCufrCt  , i j , 

nIji , , intijkt   , {1,2}k , at least one circle )( ss uC , 

ns I , s i , s j  should be found so that )(int ssijk uCt 

. 

The coordinates of points, , {1,2}ijkt k  of intersection of 

)( ii ufrC  and )( jj ufrC  are derived by the formulas 

1 ( )
2

i j

ij j i

x x
x d y y


   ,

1 ( )
2

i j

ij j i

y y
y d x x


   , 

)(
2

2 ij
ji

ij yyd
xx

x 



2

( )
2

i j

ij j i

y y
y d x x

+
= + - ,  

where 

2

2 2
0.25

( ) ( )j i j i

r
d

x x y y
 

  
 (1) 

The second and the third criteria are reformulated and 
auxiliary variables are introduced in order to avoid redundant 
calculations [19]. We use the simple way to derive 

coordinates of points 
ijkt  analytically. 

Mathematical model of the circular coverage problem 
can be presented in the form 

u W R

extr
 

),( tuF   (2) 

},0),(,0}),,,(

),,(),,,(min{

,0}),,(),,(),,(min{

,),(,0)(:),{(

3

2

1











tuksji

uuuuuF

kjiuuuu

kiuRtuW

ji
CC

sji
k

ijs

ji
CC

ji
t

i
Cp

ji

jiijk

ik





 (3) 

where ),( tu  is a vector of the problem variables;  

),( tuF  is a smooth function; 

1 , 2  and 3  are index sets that provide the 

appropriate coverage conditions 1)-3) [20]. 

2n l    is the problem dimension;  

l  is the number of auxiliary variables; 
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t  is a vector of auxiliary variables; 

( )k ip C

iu  is responsible for belonging the point 
kp  to the 

circle 
iC ; 

( , )ijkt

i ju u


 is responsible for belonging the point 
ijkt  to 

the object * ; 

( , , )k

ijs i j sF u u u  is responsible for the covering of the inner 

part of the domain by three circles 
iC , 

jC  and 
sC ; 

222 )()(4),( jijiji
CC

yyxxruuji   is the 

adjusted phi-function of a pair of circles 
iC  and 

jC  

providing the maximum allowable distance 0  ; 

( , ) 0u t   is the inequality system for describing the 

placement constraints of sensors as physical objects. 
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where d is defined by (1). 

Below we list important practical applications for the 
problem (2) - (3): 

 minimizing lengths of wired network; 

 minimizing the radius of the covering circles; 

 minimizing the number of circles in a circular 
coverage; 

 optimizing the coverage density; 

 correcting placement of circles for invalid coverage; 

 correcting the invalid placement of sensors (as 
physical objects). 

In the general case problem (2)-(3) is the non-smooth 

optimization problem since ( , )ijkt

i ju u


 can be a minimax 

function. The solution of the problem can be reduced to 
solving a sequence of nonlinear programming problems 
using the approach described in [21]. 

2. Solution strategy 

Taking into account the features of (2)-(3), we propose 
the solution strategy based on the multistart method [23] with 
following steps. 

 Step 1. Generate the set of feasible starting points of 
problem (2)-(3). 

 Step 2. Construct system of nonlinear constraints and 
objective function of problem (2)-(3) using the points, 
obtained at Step 1. 

 Step 3. Search for the local extremum of problem (2)-
(3), starting from the feasible points, obtained at Step 
1. 

 Step 4. Choose the best of the obtained at Step 3 local 
extrema as an approximation to the global solution of 
the problem (2)-(3). 

3. Solution algorithms 

For generating feasible starting circular coverage at the 
first step of our strategy we employ the grid-based regular 
coverage algorithm, the stochastic algorithm based on the 
homothetic transformation of circles [18], and the 
optimization by groups of variables. 

To formulate the problem of optimizing the network 

length we add to system of inequalities ( , ) 0u t   the 

following constraints: 

 for belonging the sensors to the domain  , taking 
into account the minimum allowable distances to the 
frontier of   using non-smooth phi-functions; 

 for non-belonging of the sensor centers to the 
prohibition areas using non-smooth phi-functions; 

 for describing minimum allowable distances between 
sensor centers, using smooth phi-functions. 

 Then we construct a network before proceeding with 
the formalization of the objective function. 

Two basic forms of wire connections are used in practice: 
the annular connection with a large quantity of sensors and 
the plume connection, when several plumes with the limited 
quantity of sensors on each of them can begin at one starting 
point. It is desirable to obtain the minimum length of the 
wire connections. The first problem is the salesman problem. 
The second problem can be considered as the vehicle routing 
problem (without returning to the starting point). 

We use the VPRH library [24] to solve these problems. 
VRPH is written in C++ with the open initial code. It 
employs heuristics for solving  the problem of vehicle 
routing (and as a special case, the salesman problem). The 
library has been thoroughly checked by many researchers on 
benchmark problems and, on the average, it returns the 
solution in the limits of 3% from the optimum. The library 
can be easily modified to include auxiliary restrictions. We 
modified the code to select the preferred direction (vertical, 
horizontal or lack of preference) for the routes, which allows 
us to increase the solution efficiency.  

Let the networks connecting the centers of circles be 
obtained as a result of solving the corresponding salesman 
and vehicle routing problems.  

For the annular type of wired connections, the objective 
function can be defined as 
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m m
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  is the sum of the distances between the 

centers of the circles taken in an order 
1 1, ,..., nm m m ; 

10( , )mu u  and 0( , )
nmu u  are the distances from the starting 

point 0u
of the route to the centers of imC

 and jmC
 

respectively.  

For the plume type of wired connections, the objective 

function takes the form 
1 1

1

0

1 1

( ( , ) ( , ))
q

q q q
i i

nQ

m m m
q i

u u u u 

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 
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where 
Q

 is the number of plumes; 
{1,2,..., }q

im n
 is the 

number of circles, 
q q

i jm m ,
 
i j

,
 

1,2,...,q Q , 1 2q q

i jm m

, 
1 2q q , Qqq ,...,2,1, 21  , 





Q

q
q nn

1 ; 
1

1

1

( , )
q

q q
i i

n

m m
i

u u






  is 

the sum of the distances between the centers of the circles 

taken in the order 1 2, ,...,
q

q q q

nm m m ; 
1

0( , )q
m

u u  is the distance 

from the starting point 0u
 of the route to the center of the 

first circle in 
q

’s plume. 

We reduce the problem (2)-(3) to the sequence of sub-
problems of nonlinear programming. The search for the local 
extrema is carried out with the help of IPOPT [25]. 

IV. COMPUTATIONAL RESULTS 

To demonstrate the efficiency of the proposed strategy, 
we represent an example of solving the problem of 
minimizing the length of the network connecting the centers 
of the covering circles. 

Figures 1-4 show the optimized network for 57 circles 1) 
constructed using the VRPH for connection of annular type, 
length is 630.87, running time is 0.81 sec. (Fig.1); 2) 
constructed  using the VRPH for connection of plume type, 
length is 6124.28,  running time is  1.01 sec. (Fig.2); 3) 
obtained as a result of optimizing connection of annular type, 
length is 590.38, running time is  4.18 sec. (Fig. 3); 4) 
obtained as a result of optimizing connection of plume type, 
length is 571.58, running time is 3.42 sec. (Fig. 4). 
Computational experiments were carried out using AMD 
Athlon(tm) 64x2 Dual Core Processor 5200+. 

V. CONCLUSION 

A mathematical model of the problem of covering an 
arbitrary shaped domain with identical circles based on the 
new geometrical tools is introduced. The four-stage solution 
strategy for the coverage problem is developed. The 
challenging computational results for the problem of 
minimizing the length of the network connecting the centers 
of the covering circles are provided. 
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Fig. 1. Networks for 57 circles (case 1) 

 

Fig. 2. Networks for 57 circles (case 2) 

 

 

Fig. 3. Networks for 57 circles (case 3) 
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Fig. 4. Networks for 57 circles (case 4) 
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